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In this thesis we apply techniques from quantum information theory to study quantum gravity within
the framework of the anti-de Sitter / conformal field theory correspondence (AdS/CFT). A great deal of
interest has arisen around how quantum information ideas in CFT translate to geometric features of the
quantum gravitational theory in AdS. Through AdS/CFT, progress has been made in understanding the
structure of entanglement in quantum field theories, and in how gravitational physics can emerge from
these structures. However, this understanding is far from complete and will require the development of
new tools to quantify correlations in CFT.

This thesis presents refinements of a duality between operator product expansion (OPE) blocks in
the CFT, giving the contribution of a conformal family to the OPE, and geodesic integrated fields
in AdS which are diffeomorphism invariant quantities. This duality was originally discovered in the
maximally symmetric setting of pure AdS dual to the CFT ground state. In less symmetric states the
duality must be modified. Working with excited states within AdS;/CFTs, this thesis shows how the
OPE block decomposes into more fine-grained CFT observables that are dual to AdS fields integrated
over non-minimal geodesics. These constructions are presented for several classes of asymptotically AdS
spacetimes.

Additionally, this thesis contains results on the dynamics of entanglement measures for general quan-
tum systems, not necessarily confined to quantum gravity. The quantification of quantum correlations is
the main objective of quantum information theory, and it is crucial to understand how they are generated
dynamically. Results are presented for the family of quantum Rényi entropies and entanglement negativ-
ity. Rényi entropies are studied for general dynamics by imposing special initial conditions. Around pure,
separable initial states, all Rényi entropies grow with the same timescale at leading, and next-to-leading
order. For negativity, mathematical tools are developed for the differentiation of non-analytic matrix
functions with respect to constrained arguments. These tools are used to construct analytic expressions
for derivatives of negativity. We establish bounds on the rate of change of state distinguishability under

arbitrary dynamics, and the rate of entanglement growth for closed systems.
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Chapter 1

Introduction

It is well known that the Einstein-Hilbert action for gravity, plus higher curvature corrections, represents
a non-renormalizable theory if the spacetime metric is treated as a dynamical quantum field, since the
coupling constant (167G )1 has positive mass dimension. Although there is no obstruction to applying
quantum field theory techniques to general relativity at low energies where there will be an effective field
theory description, we do not currently understand the theory’s ultraviolet (UV) completion. The Anti-
de Sitter / conformal field theory correspondence (AdS/CFT) [I] is one of the most common tools used
in our pursuit of a true theory of quantum gravity, as it allows us to reframe questions of quantum
gravity in terms of non-gravitational quantum field theories (QFT), in particular, ones with manifest

scaling symmetry giving a straightforward UV completion.

While most work on AdS/CFT has been geared towards understanding quantum gravity in terms of
CF'Ts, the correspondence also works in the other direction. Conformal field theories arise in numerous
models of physical systems, especially in condensed matter physics where they often describe the physics
of quantum critical systems since generically the endpoints of renormalization group flows are CFTs.
In some cases strongly coupled critical systems can be described more simply by a dual gravitational
theory, since AdS/CFT is a strong-weak duality [2, [3]. When the CFT is strongly coupled, quantum
effects in the gravity theory are suppressed and we recover a semiclassical theory. A similar application
arises in quantum chromodynamics (QCD) for describing the quark-gluon plasma produced in relativistic
heavy ion collisions [4], while AdS/CFT has also been used to describe effective theories of relativistic
hydrodynamics [5, [6].

This thesis is primarily concerned with the application of techniques from quantum information
theory to quantum gravity through the AdS/CFT correspondence. As CFTs are ordinary quantum
theories, states typically exhibit quantum correlations which can be quantified using ideas from quantum
information theory. Interest in the overlap of these disciplines blossomed when it was realized quantum
information becomes encoded in the geometry of the dual quantum gravity theories, and even leads to
gravitational dynamics governed by the Einstein equations. The influx of quantum information ideas
to quantum gravity has had a reciprocal effect, with the development of new techniques for measuring
quantum correlations in general, and new insights into the properties of well established quantities. In
this thesis we will provide an overview of the interchange of ideas between these fields. The novel work
forming the body of this thesis is split into two parts. The first half concerns the refinement of a specific

duality within AdS/CFT which stems from measures of quantum information that were designed with
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quantum gravity in mind. In the remainder, we study the dynamical properties of well-established

entanglement measures in general quantum systems.

In this introduction we will make the case that quantum information tools have diverse application
in AdS/CFT, and play a large role in our understanding of how gravitational phenomena such as black
holes and dynamical spacetimes can emerge from non-gravitational field theories. After a review of the
most important aspects of conformal field theories, we study the holotype for measures of quantum infor-
mation in QFT and CFT, entanglement entropy. We discuss the important physical implications of its
universal behaviour, but also the shortcomings of its traditional definition. A deeper dive into algebraic
aspects of QFT allows us to construct mathematically consistent measures of quantum information while
simultaneously exposing the foundational entanglement properties of quantum field theories. We then
build off these notions to explore how entanglement in CFT can be understood geometrically in quantum
gravity via the AdS/CFT correspondence, and the implications entanglement has for the emergence of

spacetime.

1.1 Conformal field theory

Compared to ordinary relativistic quantum field theories, conformal field theories have a significantly
enlarged symmetry group which allows for greater theoretical control. An enormous literature has been
developed on the unique properties of this class of theories along with special mathematical techniques
that take advantage of the extra symmetry. This section will only include a brief introduction to the
principal advantages of CFTs that have allowed the study of AdS/CFT to flourish over the past two

decades. A more comprehensive introduction can be found in the standard textbook [7].

Relativistic quantum field theories including the Standard Model obey the Poincaré symmetry of
spacetime transformations that leaves the Minkowski metric invariant, along with possibly some inter-
nal symmetry groups. Poincaré transformations include rotations, boosts, and translations comprising
the R14=1 % SO(1,d — 1) group, where d is the total number of spacetime dimensions. In addition
to this, conformal theories are invariant under scaling operations, or dilatations, as well as so-called
special conformal transformations, which can be viewed as the composite operation of an inversion,
translation, and inversion. In total, these operations form the SO(2,d) conformal group (SO(1,d + 1)

in Euclidean signature), and have the overall property of preserving the metric up to a scale factor
9 (@) = M@) gy ().

The generators of each type of transformation can be expressed as

v
|

—i0

o

L/LV = i(xuﬁy — $V8H)7 (1 1)
D = —izto,,

K, =—i(2x,2"0, — x"2,0,).

These generate translations, rotations and boosts, dilatations, and special conformal transformations
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respectively, while satisfying the so(2,d) conformal algebra

[D,P,] =iP,,

[D7KH] = _iKH’

K,, P =2in,.D—1L,,),

(K, ] ’ (M ) (1.2)
[Kcr; L;u/] = Z(nU/J,KV - naqu)v

[Po'v Lul/] = i(naupu - nauPu)7

[

Luu7 Lop} = i(nuolup + nupLuo - nMULVp - anL;LO')'

An important property of conformal fields is their scaling dimension A in response to a dilatation
H(Aa) = A2 4(a). (1.3)

In more generality, the transformation of a spinless field under a general conformal transformation is

—A/d

Oz (z). (1.4)

¢'(a) = e

Any field that transforms in this way, with ‘%—”;l the Jacobian of the transformation, is called quasi-

primary. Fields of this type play a major role in AdS/CFT due to their highly constrained properties.
One of the most powerful consequences of conformal symmetry is that the 2-point and 3-point

correlation functions of quasi-primary operators are almost entirely fixed. For instance, the 2-point

function of spinless fields contains only a single arbitrary constant C;; which can be determined by the

normalization of the fields,
Cij
(Di(zi)d;(x;)) = 2N (1.5)

ij
where z;; = |z; — x;|, and the fields ¢; and ¢; must have the same scaling dimension A for a non-zero
result. Similarly, the structure of 3-point functions is mostly fixed,
Cijk

(0i(2i)0;(xj)0r(Th) = R 7A—Ar A TA A ALTA A, (1.6)
Lyj ik Lk

which involves the set of theory-dependent 3-point coeflicients Cjji. Correlation functions of higher
numbers of fields are not fixed in the same way. When there are at least 4 distinct positions involved
we can form conformally invariant combinations of the points called cross ratios. For instance, 4-point
functions can involve an arbitrary function g(u,v) of the combinations

23573, 3435

u = v = (1.7)

2 20 2 2 ¢
T13T24 Ti3%34

A particularly useful way to write the 4-point function of scalars for later purposes is

1

(61 (1)) (2)a(4)) = (xz>2A (”52> o — 9(u,v) 8)

2 1 1 )
T4 Ti3 ) §(A1+A2)($§4)§(A3+A4)

where Aij = AZ — Aj.
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Despite the freedom in n-point functions, there are powerful techniques to relate them to sums
of (n — 1)-point functions, which can be applied iteratively eventually reaching the fixed 2 and 3-point
structures. The fundamental tool enabling this is the operator product expansion (OPE) which expresses
a product of quasi-primary operators in terms of a local basis of other operators in the theory []. For
two scalar operators O;(z;) and O;(z;) with scaling dimensions A; and A respectively, the OPE in the

limit x — 0 takes the form

Oi(2)0;(0) = Y Ciji || 2729 (14 by 270, + by 2270,y + ... ) Ok (0). (1.9)
k

In this expression O (x) represents another quasi-primary operator in the theory with dimension Ay,
and the sum is over all such operators. The derivative terms act on O(z)) to produce descendant
operators which are not quasiprimary, but are in the same representation of the conformal group as
Ok(x). Additionally, the constants b; are completely fixed by conformal symmetry. This can be seen
by taking the OPE of two operators inside a 3-point function, resulting in a sum of derivatives of the
fixed 2-point structure ,

(DW)Oi(x:)Os(x5)) = Y Cugre i — ;|37 (14 by 2027 + by a0 027 + ... ) (3(y) O () -
k
(1.10)

Consistency between the derivatives of 2-point functions and the 3-point structure itself determines
the b; coeflicients [§]. Hence, the OPE can be used recursively to write n-point functions in terms of the
CFT data consisting of the spectrum of quasiprimary operators Oy () with their associated dimensions
Ay, and the 3-point coefficients C;;,. While the OPE can be used in any QFT, its special form in CFT
becomes even more useful as the expansion is not only valid in the z; — =x; limit, but is absolutely

convergent at finite separations, as long as no other operators are within a radius of |a; — ;| [9} [10].

It is also important to note that in the special case of d = 2 CFTs, the conformal group becomes
much larger than the expected SO(2,2) or SO(1,3). This is most easily expressed in Euclidean signature,
related to the Lorentzian case by Wick rotation. In this case we can utilize complex coordinates z, Z on
the plane, in which case any (anti-)holomorphic function f(z) (f(2)) gives a valid conformal map. Such
transformations can be generated by I, = —2"*19, and [,, = —2""19; for all n € Z, satisfying the Witt

algebras

[lnslm] = (0 — m)lygm, (1.11)

Notice that the subgroup generated by elements l,, over C with n = {—1,0,1} is SL(2, C), isomorphic to
S0O(1,3). This important subgroup is often called the global conformal subgroup. In the two-dimensional
context, we reserve the terminology “primary” for fields which transform like under all conformal
transformations, while quasiprimary fields may transform like under only the global subgroup. In
the quantum theory, due to the trace anomaly of the stress tensor, the Witt algebras are replaced by

their unique central extension, the Virasoro algebra

C
[Ln, Lin] = (0 —m)Lpym + —(m?

B

— M)mtn,0 (1.12)
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which incorporates the constant central charge c. This constant plays a significant role in 2D CFTs,
including in the transformation properties of the stress tensor, a non-quasiprimary field, and appears in

physical quantities like the entanglement entropy which we turn to next.

1.2 Entanglement entropy in quantum field theory

In the context of QFT, entanglement entropy is an important quantity for expressing one of the key
features of typical low energy states such as the vacuum; they are highly entangled. This fact underpins
many of the interesting recent developments in quantum gravity, such as the connection between spatial
entanglement and the emergence of spacetime [I1]. It is perhaps best expressed by the Reeh-Schlieder
theorem of algebraic quantum field theory [12] which states that starting with the vacuum of a QFT in
Minkowski spacetime, the states generated by smeared operators supported in an arbitrarily small region
of spacetime are dense in the entire vacuum sector of the Hilbert space of the theory. In essence, the
vacuum state is spatially entangled between any two local regions of the spacetime, such that operations
in any region can affect any other [I3]. To understand the consequences of this statement, it is of great
interest to quantify the amount of entanglement in a quantum system. The most elementary tool for
this is the entanglement entropy.

The origin of entanglement entropy is in quantum information theory where it is defined in terms
of the reduced density matrices of a state |¢)) with respect to a bipartition of the Hilbert space. If the
Hilbert space factorizes as H = Ha ® Hp, then the subsystem A described by pa = trp |¢) (¢| has

entanglement entropy
S(pa) = —tra(palogpa). (1.13)

This quantity will be zero for all pure states with no entanglement between subsystems A and B, so called
separable states of the form [¢) = |¢) , ® |¥) 5, and is non-zero for all non-separable states. The value
of S(pa) is directly tied to the ability of performing operational tasks that rely on using entanglement
as a resource, at least in pure states [14].

Despite this simple characterization of entanglement for pure states in quantum mechanics, when
dealing with quantum fields things are significantly more complicated. First, the dimensionality of
the Hilbert space of a quantum field theory is typically infinite, so that a definition like (1.13) would
involve tracing out an infinite number of degrees of freedom. While the dimensionality alone is not
an insurmountable difficulty, after all quantum harmonic oscillators have infinite dimensional Hilbert
spaces but still can have sensible entanglement entropies, it does already suggest that may be
divergent in QFT. In the algebraic approach to QFT local algebras associated to spatial subsystems are
of a type where a normalized trace cannot be defined so that the existence of the trace used in
cannot be taken for granted. Second, the Hilbert space of a QFT does not necessarily factorize across
spatial bipartitions, the typical counterexample being gauge theories [I5, [I6 [I7]. To identify gauge
invariant states, the physical states of the theory, one must look at the system overall, and not simply
at subregions. In other words, gauge constraints relate degrees of freedom at different spatial locations
meaning that they do not factorize along spatial lines. As a result, it becomes difficult to uniquely define
what is meant by the reduced density matrix. At the very least, choices must be made as to which
degrees of freedom are or are not traced out near the boundary of a particular partition. Some QFTs
escape this caveat, such as the lattice regularized free boson theory which does factorize over lattice sites,

but even this is plagued by the third problem of UV divergences. In the continuum limit there are modes
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of the field at arbitrarily small scales, and in typical states these UV modes will be entangled across any
partition. This again suggests that , when it is even possible to define the reduced density matrix,
will be UV divergent. Theories can be regulated with a UV cutoff, for example by working on a lattice
with a minimum scale, which can in some cases assuage the three concerns mentioned here, but it is a

delicate matter to remove the cutoff while maintaining physically sensible results.

The groundbreaking replica trick technique [I8] [T9] allowed the first systematic calculations of en-
tanglement entropy for lattice regularized QFTs in 2 dimensions, putting previous arguments about its
expected behaviour on solid footing [20, 2I]. In the replica trick, one starts with a generalization of

entanglement entropy to the Rényi entropies

1
Sn(pA) = 1

logtrap’y, (1.14)
-n

from which the entanglement entropy is recovered in the n — 1 limit since S(pa) = 7[8@%‘51* AP n=1-
This definition is simpler to handle, since it involves the logarithm of the trace (a number) rather than
the logarithm of the density matrix itself. Strictly speaking, the powers of the reduced density matrix
are only guaranteed to be defined for positive integers n, yet the limit n — 1 requires us to extend the
definition to the reals. This can be a subtle matter as there is often not a unique analytic continuation
given the data of S, (pa) at the positive integers. Nevertheless, an individual copy of p4 can be prepared
as followed. The ground state wavefunctional for the field ¢(7,2) corresponds to a Euclidean path

integral with boundary conditions inserted at 7 = 0,

¢(r=0,2)=¢; (x)
W(o(o) = | D55, (1.15)
The integration from 7 = —oo to 0 of the exponential of the Euclidean action Sg(¢) damps out any

possible excitations, ensuring we prepare the ground state. A similar construction integrating from oo
to 0 with boundary conditions ¢g(x)" gives the complex conjugate W, and together this constructs the
density matrix p = ¥(¢, (2))¥ (¢ (x)). Tracing over the complement of the region A has the effect of
setting ¢¢ (z) = ¢ (z) when z € A°. Hence, the reduced density matrix of the ground state for an
interval A along 7 = 0 is given by the path integral over the Euclidean space with a cut along A, and
boundary conditions inserted on either side of the cut, as depicted in Fig.

We move from py to trap’y by preparing n copies of the path integral just described, and stitching
together the copies sequentially along A by matching the boundary conditions as ¢f (v) = ¢ (),
¢f (2) = ¢5 (%), .oy @1 (7) = ¢y (z). In total, tr4p™ is computed by the Euclidean path integral over
the n-sheeted Riemann surface given by the stitching procedure as shown in Fig. Then, taking
the derivative and n — 1 limit produces the ground state entanglement entropy of the single region A.
This is easier said than done, since actually performing the path integral can be difficult. For 2d CFTs

in particular the path integral can actually be evaluated, and the complete result is [I8] [19]

l

C
S(pa) = 3log

3 (1.16)

with [ the length of interval A, and a the lattice spacing. Furthermore, c is the central charge of the
CFT appearing in the Virasoro algebra (|1.12), but this is the only theory-dependent detail of the CFT

that enters this universal result.
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b0
7
®o

2
¢

? m

: ¢n—]

: . [—7

i A ¢n-1

(a) (b)

Figure 1.1: (a) Euclidean path integral preparing the reduced density matrix p4. The ground state
wavefunction boundary conditions are inserted on either side of the cut along interval A. (b) trap’ is
prepared by taking n copies of the path integral preparing p4, and identifying their boundary conditions

cyclically, such that ¢ = ¢, |, and additionally ¢, = ¢; , forming an n-sheeted Riemann surface of
J j+1 n—1 0 g
integration.

AC

A crucial feature of this expression is the UV divergence as we take the continuum limit ¢ — 0. In fact
this divergence does not depend on our choice of the ground state, as it also appears in the entanglement
entropy calculated when other operators are inserted into the path integral [22] [23]. Changing the state
while leaving the entangling region the same only changes the entanglement entropy by a finite amount.
In other words, every state looks like the vacuum at short enough distances, and will therefore have the
same leading UV divergence. From general arguments we always expect that S(p4) for a region in QFT
will have a divergence proportional to the area of the boundary of A [24] 20| 21],

Area(9A
S(pa) = Co% +o (1.17)

with ¢g a theory dependent constant, and d the total dimensionality of spacetime. This area law expresses
the idea that it is UV scale entanglement across the codimension-2 entangling surface 0A that leads
to divergences. We note that the previous result is slightly different because with one spatial
dimension, the entangling surface is just a set of points, and the power law divergence a~(¢~2) is tempered
to a logarithmic divergence. Following these milestone results on calculating entanglement entropy in
QFT, many variations and extensions have been explored, including working with higher dimensional
theories, more complicated entangling regions, using quantum fields with different spins and statistics,
and many forms of interactions.

Instead of entanglement entropy it can be more useful to study UV finite quantities like the relative

entropy, defined for factorizable Hilbert spaces as

S(palloa) =tra(palogpa) —tra(palogoa), (1.18)

or the mutual information
I(A: B) = S(pa) + S(pp) — S(pan). (1.19)
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Relative entropy is a measure of distinguishability of states, since it is zero if and only if pg = 04,
otherwise being positive, and acts as a distance measure between states in Hilbert space (though it is
not a metric as it is not symmetric). In the relative entropy, two states p and o are compared on the
region A. Since both exhibit the same UV divergence, the difference of the two entropy-like terms can
be ﬁniteﬂ The mutual information measures the total correlations, both quantum and classical, shared
by regions A and B in the potentially mixed state pap. It is also finite since it can be written as the

relative entropy between p4p, and the uncorrelated product of reduced density matrices p4 and pp,
I(A: B) = S(paBllpa ® pB). (1.20)

The definitions given so far for entanglement entropies, reduced density matrices, and relative en-
tropies are borrowed from quantum information theory and rely on assumptions which cannot honestly
hold in QFT. Eq. uses the factorization of the Hilbert space in order to separate degrees of freedom
in A from those in A€, but this and the calculation leading to make use of a lattice regularization.
Furthermore it is not apparent that a trace over A° can be normalized appropriately when removing a
non-countably infinite number of degrees of freedom associated with A€ in the continuum theory. It is
therefore desirable to work directly with the continuum theory and avoid these assumptions. However
this requires a great overhaul to the definitions already made.

Starting with a QFT in Minkowski spacetime, such as a Hermitian scalar field ¢(x), the vacuum
state |Q2) can be used to build the vacuum sector Hilbert space Hy by acting with smeared operators
¢r = [dizf(z)¢(x) for smooth functions f(z),

|W5) = 67,00t 1) (1.21)

Allowing the functions f; to have support on the entire spacetime ensures that all states in the vacuum
sector Hy are generated. This is overkill though, since we expect that data limited to an initial value
hypersurface, or Cauchy slice ¥, should be sufficient to generate Hy. Therefore we can restrict to
functions f; supported in an open neighbourhood U of 3. These statements apply directly to the
continuum theory and make no assumptions about possible factorizations of H.

The primary result indicative of the major role entanglement plays in QFT pushes the previous
restriction to the extreme: the Reeh-Schlieder theorem allows us to restrict f; to have support in a
neighbourhood Uy, of an arbitrarily small open set V C 3, and still generate Hy with states of the form
(1.21) [12, 25 13]. In more detail, one can show that any proposed state |x) which is orthogonal to all
states of the form for f; supported in Uy must also be orthogonal to all states created without the
restriction to Uy. This argument relies on the Hamiltonian satisfying H |2) = 0 and this being the lower
bound of the operator. But then |x) is orthogonal to all states in Hg, and must be zero. Considering the
local algebra of operators supported in Uy, as Ay, we say that a state is cyclic with respect to A;; when
the states a |¥) for a € Ay are dense in Hy. From a physical point of view, the cyclicity of the vacuum
is indicative of the nonlocal vacuum fluctuations we expect to be present in a QFT. An experimenter
working in a local region can perform measurements that exploit these fluctuations to produce any state
in the vacuum sector over the entire spacetime.

When V is a small open subset of ¥ we can consider the complement of its closure to be V', another

1The second term in (1.18)) can be divergent for other reasons, namely when p4 has support on the kernel of o 4. In
this case the states are perfectly distinguishable.
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open set spacelike separated from V. Then any operator supported in the neighbourhood ) will
commute with operators supported in Uy, so long as the neighbourhoods are also taken to be spacelike
separated. Consider one such operator a in Uy, and suppose that it annihilates the vacuum, a |Q2) = 0.
It would then follow that

B f ()P f(w2) - Pran) 1) =0, xi € Uyr, (1.22)

by commuting a onto |Q2). But the Reeh-Schlieder theorem applies to Uy as well, and implies that the
states @ f(z,)Pf(zs) - Pf(zn) [) are dense in Ho, so that a annihilates all states in Ho and must be the
zero operator, a = 0. Clearly a similar construction would apply to any region Uy of the spacetime
which is spacelike separated from some open region to which Reeh-Schlieder can be applied. We say
that a state |¥) is separating with respect to Ay when a |¥) = 0 implies a = 0 for any a € Ay. The
implication is that a state that is cyclic for Ay, will be separating for any other algebra of local operators
which all commute with A;,. From a physical point of view, the separating property implies that there
are no localized operators which annihilate the vacuum. Conversely, true particle excitations represented
by states orthogonal to the vacuum cannot be produced by localized operators [26]. Despite this, it is
a mistake to think of the vacuum as empty. The separating property also implies that the vacuum has

non-zero overlap with all states created by operators in Ay, for open regions U.

In this language, the Reeh-Schlieder theorem says that the vacuum of our QFT is cyclic and separating
for any local algebra 4;; constructed as above. In fact the theorem can be extended to states in the
theory which have bounded energy, meaning that cyclic separating states are commonplace in QFT. Let
us now unpack these properties and understand the role of entanglement in its implications. If b is any
operator supported in the region Uy, then there must exist another operator a supported in Uy, such
that

alQ) =5b|Q), (1.23)

since either local algebra generates the same vacuum sector Hilbert spaceﬂ We are free to choose Uy
arbitrarily small, and to be located at the other end of the universe from U, yet the approximation
between the states in can be made arbitrarily good. At face value this may seem to violate
the sacred principles of causality and locality, however it is important to note two things. First, the
operator a will typically not be simple, nor unitary. We note that since a and b commute, (a2|blaf)) =
(Qba’al), but this need not be equal to (Q[b[2). b could represent some operator with very small
vacuum expectation value, but a large expectation value in the mimicking state a|Q2), and still there is
no contradiction. The Reeh-Schlieder theorem does not guarantee that an a exists that is also unitary.
Hence, it is also not guaranteed that we will be able to implement a as a physical operation, i.e. as
et for some Hamiltonian over which we have experimental control. The more relevant consequence
is what this implies about the entanglement structure of the vacuum. The possibility of recreating the
action of a local operator with other, very distant, local operators is saying that the vacuum of a QFT
contains quantum correlations between any two regions of the spacetime. These intrinsic correlations are
what allow local, non-unitary operations on a state to affect correlation functions at distant, spacelike
separated points. There is no violation of causality in the same sense that Bell pairs do not transmit
information superluminally when measurements are performed on one qubit in the pair, despite the

non-classical correlations between measurements attributed to the entanglement of the pair.

2This type of relationship, an operational symmetry of the state, motivates a method of measuring entanglement which
we have developed in [27].



CHAPTER 1. INTRODUCTION 10

It is also important that the Hilbert space of our QFT does not, in truth, factorize into a (infinite)
product of Hilbert spaces associated to small regions Uy,. If there were some factorization into Hilbert
spaces representing subsets of 3, roughly Hy ® Hyr, then there would exist in the theory separable
states like |¥y) ® |¥y»). This type of state would share none of the interesting physics displayed by the
entangled vacuum. Apart from the evidence given in the area law that all low energy QFT states
share the UV divergent entanglement entropy of the vacuum, ruling out the separable state, we also
expect that on small enough scales any state should behave like vacuum, and emphatically [¥y,) @ |Uy/)
does not. We are forced to conclude that there is no factorization structure of the Hilbert space according
to spatial regions of the spacetime. But without this there is also no notion of the reduced density matrix
py, and definitions like or cannot be used. Luckily, there are additional tools in algebraic
QFT that allow the construction of a relative entropy function with the same properties as , and
that reduces to when a factorization structure is put in place (e.g. when a lattice discretization

is used).

In order to construct a relative entropy function directly in the continuum of a QFT without reference
to reduced density matrices, it is necessary to borrow a result from the theory of von Neumann algebras.
The major result of Tomita-Takesaki theory [25] is that there exists an operator Sy, sometimes called

the Tomita operator, associated to any state |¥) which is cyclic separating for A;; with the property
Sga|¥) =a |U), Vae Ay. (1.24)

There are several immediate facts one can derive about the Tomita operator, but as it is only an inter-
mediate step towards our goal, we only mention the most important one for us which is its invertibility.

This property is clear since S2 = 1. Hence, it has a polar decomposition which we write
Sy = JuAY?, (1.25)

in terms of the modular conjugation operator Jgy and modular operator Ay. The latter is really our
object of study. It is Hermitian and positive definite, since it can be shown that Ay = SJLI,S\I,, and
furthermore from Sy |¥) = SJ;, |¥) = |T) we obtain that for any function of Ay, f(Ay) |¥) = f(1) |T).

The relative entropy must compare two states, so mirroring the construction of Ay the relative

Tomita operator can be introduced as
Syjpa|¥) =a’|®), Vae Ay. (1.26)

Once again |¥) must be cyclic separating for Ay, assuring that any a |®) € Hg can be produced by
acting on |¥). While there is no strict constraint on |®), it is easiest to assume that it is cyclic separating

for Ay as well, in which case there would also exist another relative Tomita operator
Sppa|®) = a [T). (1.27)

Obviously Sg|¢Syje = 1 so again Sy|¢ is invertible. Now the relative modular operator is defined in the

same way as before; from the polar decomposition Sy = J‘I’|<I>A\11//|?I> it can be shown that,

Agje = S}iqSuje; (1.28)
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where the relative modular operator Ay|e is Hermitian and positive definite.
From these definitions Araki constructed the relative entropy between states |[¥) and |®), compared
in the region Uy, as [28],
S(U||@;Uy) = — (¥|log Ag)s| V). (1.29)

To see why this could be a sensible definition for a measure of distinguishability between |¥) and |®),
consider when the states are related by |®) = v’ |¥) for a unitary element u’ € Ay, the commuting

algebra of A;;. Then the measurement of any operator a € Ay in the state |¥) would produce
(Walw) = (W] (') [0) = (@]a ). (1.30)

In other words, the states |¥) and |®) give the same results for all measurements of operators in Ay,
and thus are indistinguishable in U, as the local unitary outside of i), does not affect the physics in
region V. Indeed we find for these two states that the relative entropy S(U||®;Uy) is zerﬂ |¥) and
|®) are indistinguishable in U/). Furthermore, this definition obeys the same properties as the quantum
information definition ; it is non-negative for any two states, and monotonically increasing as we

enlarge the region in which measurements can take place,
S(U||P;U) > S(V||D;Uy) for Uy C Us. (1.31)

Intuitively, with access to additional measurements an experimenter has better prospects for distinguish-
ing the states, so the relative entropy must increase for larger regions. These are significant properties
in the quantum information context. Positivity implies positivity for mutual information , equiv-
alently subadditivity of the entanglement entropy

S(pa) +S(ps) = S(pan), (1.32)

through (1.19)). Monotonicity implies the highly non-trivial strong subadditivity result for entropies,

S(pag) +S(ppc) = S(pp) + S(pasc), (1.33)

as this can be rewritten I(A : BC) > I(A : B) or indeed S(papcllpa®ppc) > S(pasllpa® pp) which is
monotonicity. In the quantum information context, these are the only inequalities needed to completely
characterize the structure of allowed relative entropy values [29)].

To summarize, in this section we have explored one of the crucial facts about low energy states in
QFTs: they are highly entangled between any two local regions. This can be seen explicitly in calculations
of the entanglement entropy for lattice regularized systems, where a universal UV divergence is found,
best expressed by the area law . Alternatively, it can be seen as a corollary of the Reeh-Schlieder
theorem from algebraic QFT which shows that the vacuum of a QFT is cyclic separating for any local
subalgebra, and means that any local operation on the vacuum can be reproduced by another local
operation , potentially in a spacelike separated region. We have also shown that relative entropy
can be defined directly in the continuum for QFTs where it is free from UV divergences and does

3For |¥) and |®) = v/ |¥), the relative Tomita operator behaves as Sy |y wa|¥) = al |u/¥) = v/al |[U) = u/Sy |¥), so
we identify Sg | ¢ = u/Sy. Hence, by definition ((1.28)) the relative modular operator also reduces to the ordinary modular
operator for [¥), Ay |,g = Sgu/Tu/Sg = Ay. Then we find that log(Ayg) |¥) = log(1) |¥) = 0, and the relative entropy
between the states vanishes.
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not assume anything about the factorization structure of the Hilbert space. Our next focus will be on
the far-reaching consequences of entanglement in holography, and what it tells us about the emergence

of spacetime.

1.3 AdS/CFT

The Anti-de Sitter/conformal field theory correspondence has been continuously revolutionizing our
understanding of quantum gravity since its discovery [, 30, BI]. AdS/CFT posits that there is an
exact mathematical duality between certain CFTs in d dimensions, with theories of quantum gravity
in d + 1 dimensional asymptotically AdS spacetimes. Due to the difference in dimensionality of the
theories, the correspondence is said to be holographic, and is often referred to simply as “holography”
[32, B3]. Originally understood in the context of string theory constructions, where extended objects
could be described equivalently by a supersymmetric CFT or a string theory on a product of AdS
with other compact manifolds, the correspondence has more recently been found to apply under quite
general conditions [34]. Specifically, whenever a boundary CFT admits a large N expansion, and has a
sparse spectrum of light operators, it should have a bulk AdS description, where the AdS radius is large
compared to the Planck length.

These conjectures have exceedingly important implications for our understanding of quantum gravity.
While at present there is no direct construction of a well understood, experimentally verified theory of
quantum gravity, AdS/CFT gives us an alternate approach to the problem. Since the CFTs are non-
gravitational theories on a much firmer theoretical footing, they can be used to define what we mean by
quantum gravity in AdS, and explore its properties. Still, we do not have a full understanding of how
CFTs can manifest all aspects of quantum gravity, such as the emergence of an extra holographic bulk
dimension [35], locality of bulk observables [36], their gauge invariance under diffeomorphisms [37], or
the apparent loss of information through black hole evolution [38] [39]. Evidence for the correspondence
consists of a dictionary that translates observables and other quantities between the two sides of the
duality. For instance, every CFT has a spin 2 stress tensor 7' as the conserved current for translation
symmetry, and this is dual to the metric tensor g,, of the gravitational theory. The matching of
other dual fields, like scalar CFT operators to scalar bulk fields, is accomplished by calculating their
correlation functions. Using the AdS propagator one finds the 2-point function of a free scalar field with
mass m? = A(A — d) to be

(d(21)d(w2)) ~ |21 — 22| 722 (1.34)

in the limit where x; and x, are points close to the asymptotic boundary. We see that the 2-point
function matches the form for a scalar CFT operator with dimension A, which was dictated
entirely by conformal symmetry.

Most of the early checks on AdS/CFT involved the matching of correlations functions, as the GKPW

conjecture [31], B0] provided a concrete formulation of the correspondence in these terms:

Ziaas00(2);0M] = <exp (— > [ ¢a<x>0i<x>> > . (1.35)

CFT on OM

This states that the gravitational partition function in an asymptotically AdS spacetime M, with light
bulk fields ¢¢(x), can be computed by the generating functional of correlation functions in the dual CFT
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d(x;) P(x3)

P(x;) P(xy)

Figure 1.2: A tree level Witten diagram showing a scalar exchange contribution to the CFT four point
function (O(z1)O(z2)O(x3)O(z4)). The bulk interaction vertices x*, y* should be integrated over the
entire spacetime. Other diagrams for other exchange channels, as well as exchange of other fields such
as gravitons will also contribute.

on the spacetime M, the conformal boundary of M. It includes all light fields in the bulk effective theory,
with their sources at the boundary ¢ (x), and dual low-dimension CFT operators O%(x). Remarkably,
since CFTs are scale invariant and therefore UV complete, the GKPW dictionary has the potential to

non-perturbatively define a UV complete theory of quantum gravity.

Higher-point CF'T correlation functions, such as a four-point function of scalar quasi-primaries
(O(x1)O(x2)O(23)O(x4)), can be computed holographically by Witten diagrams, a diagrammatic ex-
pansion in bulk field couplings. This construction operates on the observation that the normalizable
modes of a bulk field ¢(r, z) extrapolated to the boundary r — oo, with an appropriate normalization
factor to account for the field’s falloff, produces a quantity that behaves exactly like a CFT quasi-primary
[0, 411, 42,

lim r2¢(r, ) = O(x). (1.36)

r—00

The mass of the field determines the rate of falloff =2 near the boundary via m? = A(A — d), but
also dictates the scaling dimension of the CFT object. Witten diagrams connect the boundary fields
¢(r = 0o, x) to bulk interaction vertices y* = (r,y) with a bulk-to-boundary propagator, the Green’s
function which solves

(O, + M) Ka(r,2;y) = r2 746z, y). (1.37)

Bulk vertices are connected to each other via the bulk-to-bulk propagator of bulk fields involved in the
interaction, which could include gravitons, or scalar exchange as in Fig. In the latter example, the
propagator would solve

(g + m?)Ga (", y) = 6+ (a, ), (1.38)

in the fixed AdS background. The Witten diagram then shows us the elements needed for this contri-
bution to the 4-point function; the diagram in Fig. represents the contribution

/9 A e dy K (ot a0) Ka(a", 22)Ga(a", y" ) Ka (", 23) Ka(y", a). (1.39)

An enormous amount of work has gone into calculating correlation functions in this way and comparing
them to the structures dictated by CFT [43, [44].
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Figure 1.3: (a) The entanglement entropy of the boundary CFT between A and A€ is computed holo-
graphically by the area of an extremal surface homologous to A that extends into the bulk. (b) Example
configuration showing strong subadditivity of holographic entanglement entropy in AdSs. The
solid blue geodesics compute S(pp) and S(papc), while the red geodesics computing S(pap) and S(ppc)
have been divided and recombined into a dashed line homologous to ABC' and a dotted line homolo-
gous to B. The latter two are not geodesics, so have greater length than their counterparts, showing
S(par) + S(psc) = S(pB) + S(pasc).

The aspects of holography that will be of most interest in this thesis are some that go beyond the
matching of correlation functions. In recent years, a number of concepts from quantum information
theory have become highly applicable in holography due to their geometric realizations in the bulk. The
primary example is the entanglement entropy of a subregion, which we saw takes a universal form for
a single interval in a 2d CFT vacuum state . Holographically, entanglement entropy is dual to
the area of an extremal surface y4 attached to the boundary such that it is homologous to the CFT
subregion A [45] 46] 47, 48], see Fig.

Sa= min Area0ia) (1.40)

YA 4
Ova=0A G

Using this Ryu-Takayanagi prescription in AdSs, the minimal surface is just a geodesic attached to the
boundary at the ends of a CFT interval (or set of intervals). A simple geometrical calculation for the
AdS3 geodesic length subtending a boundary interval of length [ produces

~ Raas l

= log —. 1.41
QGN o8 €UV ( )

Sa

Since distances near the boundary become large in AdS, the length of the geodesic is divergent, and
we regulate by placing a cutoff surface at a radial distance ey from the boundary. Furthermore, the

Brown-Henneaux formula [49],

_ 3Raags
c=Sa (1.42)

provides a relationship between the central charge ¢ of the dual CFTy, and both the AdS radius Raqs

and gravitational Newton constant G, from the conformal algebra of asymptotic symmetries in AdSs.
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Together, these results exactly reproduce the CFT entanglement entropy with the expected UV
divergence. The matching between in asymptotically AdS geometries and in dual CFT
states has been tested in a wide variety of scenarios [50] 51l [52] 53].

Notably, the geometric interpretation allows for very simple proofs of some important properties of
entanglement entropy, such as subadditivity and strong subadditivity [54]. In quantum
information theory the proof of strong subadditivity relies on the highly non-trivial result that relative
entropy is monotonic. Yet, in holography its proof can be summed up digrammatically, see Fig. [I.35]
Interestingly, entanglement entropy is more constrained in holography as compared with general quantum
systems, since it satisfies a number of additional inequalities. The first new inequality found is called

monogamy of mutual information and constrains the entanglement shared between three regions [55],

S(pa) +S(pac) + S(ppc) = S(pa) + S(pr) + 5(pc) + S(pasc) (1.43)

Additional inequalities for higher numbers of regions have been reported, but a complete characterization
of the extra conditions obeyed by is still a topic of active research [56, [57] [58]. These results have
direct bearing on the structure of CFT states which can give rise to holographic geometries [59].

Holographic entanglement entropy was the first example of how entanglement and other information
theoretic properties of a CFT can be geometrized in the bulk. A number of widely used ideas from
quantum information theory have been realized in similar ways, including entanglement negativity [60]
61], quantum Fisher information [62], quantum error correcting codes [63] [64, 65 [66], and modular
flow [67, 68 [69] [70]. As examples of recent progress we will look over two other cases in more detail:
entanglement of purification and complexity.

One recently discovered duality that is fairly similar to entanglement entropy is the entanglement of
purification [71l [72], defined by quantum information theorists in the following way [73]. Given a mixed
state pap we can create a pure state |1)) on a larger space by introducing ancilla systems A’B’ and
entangling AB with A’B’. This is done in such a way that tracing out A’B’ reproduces psg. Then one
can evaluate the von Neumann entropy between AA’ and BB’. However, many purifications are
possible for different ancilla systems, so the entanglement of purification is defined as the least entropy

over all possible purifications,

Ep(pap) = min S(paar). (1.44)
PAB=tr 41 pr [) (Y]
In fact, for pure states pap = |¢) (| there is no need to introduce A’B’ for purification, so this con-
struction reduces to the entanglement entropy S(pa) = S(pp) exactly. For mixed states the definitions
are not equivalent, and in holography we find a different interpretation of Ep(p4).

Let A and B represent two boundary subregions. The entanglement wedge of AB is the region
surrounded by the Ryu-Takayanagi extremal surface homologous to AB, and we break it up into two
disjoint components separated by a surface ¥ 45. There are many bulk surfaces which can separate A
from B within the entanglement wedge, but we select the one with minimal area X774 see Fig. and
define the entanglement wedge cross section in a similar manner to the Ryu-Takayanagi entanglement

entropy,

Ew(pap) = rélirbl [Al(f;’j\f)} (1.45)

There is strong evidence supporting the conjectured duality that the CFT entanglement of purification
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Figure 1.4: The entanglement of purification can be calculated on a timeslice of AdS as the area of the
min

minimal surface 375" (or length of geodesic segment in d + 1 = 3 as pictured) that separates A from B
in the entanglement wedge of AB (interior of red geodesics).

for the region AB equals the entanglement wedge cross section,

Ep(pap) = Ew(paB), (1.46)

which has been accumulated in a number of papers exploring aspects and extensions of the conjecture
[74, [75], [76] [77]. The significance of this duality is that it can be used in conjunction with entanglement
entropy to isolate quantum correlations. Entanglement entropy and entanglement of purification both
have the undesirable feature that they are sensitive to the classical correlations in mixed states. But
the two measures account for classical correlations in different ways so that by comparing S(p4) and

Ep(pap) it is possible to isolate the contributions of genuine quantum correlations [78].

Another conjectured duality for which a great deal of evidence has arisen has to do with the quantum
information theory concept of complexity [79]. The circuit complexity of a quantum state is defined as
the number of simple quantum logic gates needed to construct the state from a fixed reference state.
Clearly there are some ambiguities in this definition which we should address. For quantum circuits
acting on qubit systems, it is well known that it suffices to choose a small number of different logic gates
to reproduce the action of any possible circuit. Such a gate set is called a universal set. When defining
the complexity of a state it certainly matters which gates we are permitted to utilize. If we allow any
gates whatsoever, then any state should have a complexity of one (or zero), since there exists some
operation to prepare the state directly from the reference. By limiting ourselves to a fixed universal
gate set we can meaningfully compare the number of gates needed to construct different states. Still,
there will be many different choices of universal sets, and these choices will potentially provide different
complexities for the same state. Furthermore, the choice of reference state will also greatly affect the
definition of complexity, and there is no a priori reason to prioritize some particular state as a reference
over any other. Hence, complexity is only defined relative to some reference state and some universal

gate set; it is not an absolute concept.

Complexity can be considered as a distance measure on Hilbert space, but is quite different in
character than the relative entropy which we mentioned earlier. The relative entropy between two
orthogonal pure state diverges, since orthogonal states are perfectly distinguishable with the appropriate
measurement protocol, e.g. a projective measurement onto one of the states. However, in some sense

this can produce unintuitive distances. If we have a pure state of a large system comprised of thousands
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of qubits each in the computational |0) state, |)) = |01) ... |03000), then when we flip the state of the
nth qubit, [¢') = |01)...|1,) ... |03000), We obtain an orthogonal state with infinite relative entropy. But
overall we may consider a single bit flip to be a small change. Using complexity as a distance measure,
the two states [¢), |¢') could have a distance of 1, since a single bit flip gate enacts the change. A
state like |¢") = |11) ...|13000) has the same infinite relative entropy with |¢), but much higher relative
complexity. Despite the freedoms in the definition of complexity, it is possible to identify some definite

features.

For general interacting quantum systems with random local dynamics complexity is known to grow
approximately linearly for very long times. Starting from a reference state, a discrete evolution where
individual gates are chosen randomly and applied to the state almost always takes us to more complex
states rather than less complex states. This is simply due to the size of Hilbert space; at almost every
step in the evolution there are many more branches outward to new parts of Hilbert space than branches
taking us back towards previously seen, or less complex states. This is very similar to the microscopic
explanation of the second law of thermodynamics, and can be stated in qubit systems as a second law
of complexity: if complexity is less than its maximum, exponential in the number of qubits, then it will
increase with overwhelming likelihood into the future and the past [80]. Since complexity will almost
always grow by one unit at each step in the evolution, given that we only apply one gate per step,
then the rate of growth is approximately linear in time for exponentially long times. Although CFTs
are not simply qubit systems, the notion of complexity can still be applied to them. We can think of
individual logic gates as small changes to, for example, the global phase, the position or momentum of
the wavefunction, the entanglement between two field modes, or the scale of a mode [RI]. The second

law still applies for random applications of these gates to parts of the system.

The real motivation for introducing complexity in the context of AdS/CFT was the observed dis-
crepancy between timescales of evolution in black holes and their dual thermal CFT states. An eternal
black hole in AdS is characterized by a wormhole, or Einsten-Rosen bridge (ERB), which connects two
asymptotic AdS boundaries. This system has a boundary dual comprised of two CFTs in an entangled
state, such that the reduced state of either CFT is thermal, with temperature equal to the black hole
temperature [82]. This is the so-called thermofield double state,

S e 2B, @ By, (1.47)

Yrtrp
| )= \/—

where |E,), . are energy eigenstates of the left and right CFTs, T' = 3~ is the temperature, and the

partition function Z(3) normalizes the state. In the CFT state, small perturbations thermalize within a

lLr

short scrambling time, proportional to 7! log S, where S is the entropy, similar to the rapid scrambling
of information thrown into a black hole [83]. After this time entropy is maximized, and there is no
apparent evolution of typical observables like correlation functions in the CFT. In contrast, the volume
of the ERB continues to grow linearly long after the scrambling time [84], [85]. It was conjectured that
the circuit complexity of the CFT state should be dual to this long lasting growth, since even after
thermalization, fluctuations to nearby thermal states cause complexity to increase continuously.

These ideas were formalized in a number of distinct conjectures for the gravitational quantity dual
to CFT complexity [86, 87, 88, [89]. It should not be too surprising that multiple candidates for a dual
quantity have been proposed given that the circuit complexity is inherently ambiguous due to the choice

of reference state and gate set. One proposal suggests that the complexity is dual to the volume of the
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maximal codimension-1 surface o through the bulk that reaches the boundary at the timeslice ¥ where
the CFT state is defined,

_ vol(o)
Cv =max =T

To achieve the correct units, an extra length scale L is added, which may be the AdS radius or black

(1.48)

hole horizon length, but again this ambiguity hearkens back to the inherent difficulties of defining
complexity. A second proposal suggests that the complexity should be given by the gravitational action

of the Wheeler-DeWitt patch, the causal development of the same surface o mentioned before,

Iwpw
Cy = pa (1.49)
Both of these quantities exhibit linear growth for exponentially long times, well beyond the scrambling
time for thermalization.

There is currently no consensus on which definition is “correct”, and probably there can be no
unique dual for CFT complexity for the reasons discussed. It is entirely possibly that there exists a large
class of gravitational quantities that exhibit late time linear growth, which would roughly correspond to
different choices of gate set and reference state for defining complexity. Yet, the study of complexity is
a worthwhile endeavour as a novel and very distinct quantity in dynamical systems with applications to
the black hole information paradox [90].

Beyond simply matching quantities on the two sides of the duality, the information theoretic dualities
we have mentioned suggest deeper connections between the nature of spacetime in quantum gravity and
entanglement. It has been suggested that CFT entanglement is responsible for stitching together the bulk
spacetime, based on the observation that two unentangled CFTs are dual to two disconnected geometries
whereas two entangled CFTs can be dual to a single connected spacetime where a wormhole joins the
two asymptotic regions through the bulk. As entanglement is removed from the CFT state, the bulk
spacetime pinches off and becomes disconnected [82] [IT]. This idea was expanded into the conjecture
that wormholes and entangled particles are fundamentally the same under the moniker “ER=EPR” [91].

Holographic entanglement also gives us a handle on the structure of spacetime [92]. If we suppose a
bulk geometry exists and is such that extremal surfaces attached to the boundary reproduce the patterns
of entanglement in the dual CFT state, then in principle the bulk metric should be reconstructable from
entanglement entropy data in the regions that can be reached by the extremal surfaces. In practice
this is a difficult approach because the problem is highly overconstrained. Typically the metric of
the spacetime is specified by a number of functions of a few coordinates and parameters, whereas the
boundary entanglement entropies give some function on the space of subregions of the boundary. It will
then only be for very special CFT states that a geometry exists, but this is exactly what happens in known
examples of the duality. In more practical terms, individual points in the bulk can be located through
extraneous singularities of boundary correlators [93], and the metric at these points reconstructed up
to a conformal factor through boundary data [94]. Alternatively, the metric can be reconstructed up
to a conformal factor through the Lie algebra generated by modular Hamiltonians of all spherical CFT
subregions [95].

An additional obstacle to reconstruction of the bulk metric through entanglement entropy data is
that in many geometries boundary anchored extremal surfaces do not reach all parts of the bulk. Regions
not reached are in the “entanglement shadow” [96] 07, 98], [99]. Based on the statement of the AdS/CFT
correspondence, we expect that the entire bulk should be encoded in the CFT state, including these
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shadow regions, so it behooves us to develop better probes which can reach such regions. One clue in
this direction comes from gauged systems, where there can be internal degrees of freedom that are not
spatially organized, but which contribute to entanglement. This type of entanglement in a CFT state is
not captured by Ryu-Takayanagi surfaces which are only sensitive to spatially organized entanglement
at leading order in &ﬂ These ideas led to the introduction of entwinement, computed in the CFT by
first lifting the gauge constraints, computing entanglement entropy, and then enforcing gauge invariance.
This construction is dual in AdS3 to the length of non-minimal boundary anchored geodesics which reach
into the entanglement shadow [102], 103]. The need to develop more fine grained probes of entanglement
for understanding holographic spacetimes is a major motivation for this thesis.

The idea of bulk reconstruction through boundary data has been approached from many directions,
including those just mentioned, but initially was accomplished by assuming the existence of a bulk AdS
spacetime and using equations of motion to reconstruct local bulk fields in terms of smeared boundary
operators [36]. In order to isolate a bulk point with these methods, one must involve a sufficiently
large boundary region such that its causal extension into the bulk contains that point. It is, however,
undesirable to assume the very features we are hoping to reconstruct. Using more modern techniques
involving modular flow, local bulk fields can be reconstructed using CFT considerations only [104].
Interestingly, it has also become apparent that sometimes local bulk fields can be reconstructed even
if they lie outside the causal wedge of a boundary region, as long as they are contained within the
Ryu-Takayanagi extremal surface homologous to that region [105, 106, 107]. Generally, the idea of
subregion-subregion duality is a refinement of the global AdS/CFT proposal that suggests that there
should be a holographic dictionary mapping all bulk data within a bulk subregion to boundary data in
a corresponding subregion [108§].

Not only can the structure of spacetime potentially be reproduced via CFT entanglement data, but
gravitational dynamics can also be found through laws of entanglement. Spacetime geometries which
are consistent with CFT entanglement entropies according to the Ryu-Takayanagi relation satisfy
the Einstein equations perturbatively [109, [1T0]. In fact, this can be shown independently of AdS/CFT,
that is, without assuming the existence of a quantum gravitational bulk dual, and hence it implies a
direct emergence of gravitation from CFT entanglement [ITI]. Along these lines, entropic inequalities
also imply gravitational energy conditions [I12, [I13], an avenue of study which has lead to numerous
developments in AdS/CFT, QFT, and even classical gravity on the general validity of energy conditions
[114), 115, 68, (116}, (117, 18]

The survey of topics presented here hopefully conveys the diversity of applications of quantum infor-

mation theory to AdS/CFT, and its contributions to our understanding of quantum gravity in general.

1.4 Outline

This thesis is quantized as follows. In Chapters[2 and [3]we detail the construction of new fine-grained ob-
servables in the AdS3/CFT5 correspondence associated to the non-minimal boundary anchored geodesics
which appear for non-pure AdS spacetimes. Chapter [2] begins by recounting the construction of a third
spacetime in the correspondence, kinematic space, which allows us to connect some aspects of the bulk

and boundary theories more easily. This intermediary spacetime reveals a duality between OPE blocks

4The leading order behaviour of holographic entanglement entropy is purely geometrical and hence spatially organized,
but corrections to the Ryu-Takayanagi formula may exhibit different behaviour [100} 101].
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in the CFT, which give the contribution to the OPE from an entire conformal family of operators in the
theory, and geodesic integrated bulk fields, a conveniently diffeomorphism invariant set of observables
in the bulk. However, the original arguments establishing this duality relied heavily on the symmetries
of pure AdS, and were therefore significantly limited in scope. We will show how the duality must be
modified when the bulk is not pure AdS, using the example of conical defect spacetimes [119]. In the
bulk, the presence of non-minimal boundary anchored geodesics corresponds to a decomposition of OPE
blocks in the CFT. We will establish a duality between the quantities in this decomposition, which are
individually valid observables in the CFT, and geodesic integrated bulk fields, where the geodesics can
be minimal or non-minimal.

In Chapter [3] we explore the new duality further in an important class of spacetimes obtained as
quotients of AdS3; with respect to elements of its isometry group. Instead of relying on symmetry
arguments, we will construct explicit coordinate maps between pure AdS3; and the quotient spacetimes
[120]. Then, we will use these maps to demonstrate how non-minimal geodesics arise due to the non-
analyticities in the maps. The same maps, in the boundary limit, will be used to transform OPE blocks
in the CFT. Again, the non-analyticities in the maps alter the structure of the OPE blocks in a way that
mirrors the appearance of non-minimal geodesics. The transformed OPE blocks in all cases considered
admit a decomposition into more fine-grained CFT observables. We argue that the new observables are
dual to geodesic integrated bulk fields, where the geodesics can be minimal, wind around the singularity
in the bulk, or even cross through horizons. We will conclude these sections with further connections to
recent ideas in the literature.

In the latter parts of this thesis we will consider entanglement phenomena in general quantum systems,
not specifically focused on AdS/CFT, but potentially applicable there. In Chapter 4l we will briefly
present a quantum information theoretic introduction to entanglement measures and their properties to
reorient the reader. In Chapter [5| the focus will be on entanglement dynamics of general systems, as
measured by the family of Rényi entropies [121]. Instead of choosing a specific physical system, we retain
general applicability by focussing on common initial conditions. We show that, starting from initially
pure, unentangled states, the leading order growth of entanglement is characterized by a timescale which
has the same form for all Rényi entropies. Since the Rényi entropies as a family completely characterize
the bipartite entanglement properties of a pure state, the timescale can be considered universal.

The universal growth of Rényi entropies raises questions around the behaviour of distinct entangle-
ment measures. In particular, one of the most commonly used entanglement measures, called negativity,
does not conform to the growth behaviour described above. In Chapter [6] we conduct an independent
perturbative analysis of negativity and find that additional mathematical tools are required [122]. These
new tools are extended from an underdeveloped branch of mathematics known as patterned matrix cal-
culus. After constructing the perturbative expansion of negativity, we compare its dynamical behaviour
to Rényi entropies, and investigate the structural differences between these measures. The result is sum-
marized in a theorem describing a class of functions for which patterned matrix derivatives are equivalent
to ordinary matrix derivatives, and hence the additional complications of patterned matrix calculus can
safely be glossed over. Rényi entropies belong to this class, while negativity does not, which neatly
explains why a different approach is necessary for the perturbative expansion of negativity. Finally, we
will discuss several other quantities which are commonly used in quantum information theory, and which
do not belong to the class in the theorem. These examples will show how relevant patterned matrix

calculus can be within this branch of physics as a whole.



Chapter 2

Kinematic space for conical defects

This chapter is based on the paper [119] published in JHEP.

2.1 Introduction

Even before the AdS/CFT correspondence [II, B0, BI] provided a physical duality between conformal
field theories and theories of quantum gravity in Anti-de Sitter spacetimes, CFT quantities had been
mathematically represented in terms of bulk fields [123] [124]. These ideas relating contributions to
conformal blocks and integrals of bulk fields over geodesics have reemerged recently in the context of
geodesic Witten diagrams [125], [126]. Whereas a four-point Witten diagram with bulk vertices integrated
over the entire bulk calculates a contribution to a full CF'T four-point function, integrating the vertices
only over geodesics connecting boundary insertions as in Fig. computes a conformal partial wave.
The conformal partial wave represents the contribution of a primary operator and its descendants to the
four-point function, and somehow knows about the geodesic structure of AdS.

In more detail, a 4-point function of identical scalars like (O(z1)O(z2)O(x3)O(x4)), which has the
structure 7 can be reduced using the OPE twice, taking x1 — x5 and x3 — 24

(O(21)0(22)O(3)O(24)) = > _ CoorCook D(T12,0xy, b, ) D (w34, 0y, ', ) (Ok 0(2) Opr 41 (4))
ko k!
(2.1)

Here D(x12,0,,) stands in for the fixed differential operator appearing in the OPE according to the
quasi-primary Oy, of dimension Aj; and spin ¢, with tensor indices implied. Since the 2-point function
is only non-zero when the two operators have the same dimension, we take them to be identical for

simplicity, and define conformal partial waves Wa, ¢(u,v) from
(O(21)0(22)O(x3)O(x4)) = Y CoouWaye(w:). (2.2)
k

We see that this represents the contribution to the 4-point function from the exchange of O, and
its descendants in the channel (12)(34). If we imagine a projector onto the conformal family of O g,

schematically
P, = Z |P" Ok ) (P" Ok el (2.3)

21
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Figure 2.1: A geodesic Witten diagram computes a conformal partial wave, the contribution to a CFT
four point function from the conformal family of a single quasi-primary operator. The bulk interaction
vertices z#, y* are only integrated over geodesics connecting the boundary insertion points.

with P™ the operator that generates the nth descendant, then the conformal partial wave would be
Wa,.e(zi) ~ (O(x1)O(2) Py ¢ O(23)O(x4)). (2.4)
We also can define conformal blocks which only depend on the conformally invariant cross ratios,
Ga,o(u,0) = 273235 Wa, o(x;). (2.5)

Hence conformal blocks and conformal partial waves contain the same physical content, but the former
is manifestly conformally invariant. Comparing (2.2]) and (1.8]), the conformal blocks are related to the

arbitrary function g(u,v) appearing in the 4-point function by
9(u,0) =Y ChorGaye(u,v). (2.6)
k

The fact that conformal blocks (or partial waves) can be computed by geodesic Witten diagrams [125], [126]
is not only a technical boon for calculations, but provides a new understanding of how AdS 4-point
amplitudes can be contained within the rigid structure of CFT correlation functions, and has led to
many new developments along these lines [127] [128] 129, 130]. As we will explain, a very similar bulk
to boundary correspondence holds when considering the bare OPE itself.

A new approach to the AdS/CFT correspondence has shed more light on the connection between
composite operators in the OPE, and integrated bulk fields. The authors of [I31] [I32] proposed the use of
an auxiliary space that interpolates between the bulk and boundary theories, similar to the space used in
[133]. The auxiliary space, called kinematic space, functions as a way of organizing the non-local degrees
of freedom which lead to diffeomorphism invariant quantities in the bulk gravity theory. Whereas local
bulk fields fail to satisfy diffeomorphism invariance, a field integrated over a boundary anchored geodesic
or otherwise attached to the boundary with a geodesic dressing can be invariant [134] 135]. Boundary
anchored geodesics in asymptotically AdS spacetimes meet the boundary at pairs of spacelike or null

separated points suggesting a relation to bi-local CFT operators. Such composite operators are easily
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described in terms of the OPE. Both a geodesic integrated field and the basis of non-local operators
forming the OPE can be viewed as fields on kinematic space leading to a diffeomorphism invariant entry
into the AdS/CFT dictionary.

Several proposals have been made as to how kinematic space should be defined from the bulk and
boundary. Kinematic space was originally presented as the space of bulk geodesics with a measure de-
rived from their lengths in terms of the Crofton form used in integral geometry (as opposed to differential
geometry) [I3I]. Since the length of a minimal geodesic is holographically related to entanglement en-
tropy in AdS3/CFT; [45], a boundary description of kinematic space was given as the space of boundary
intervals with the metric defined in terms of the differential entropy of those intervals [96]E| In order to
generalize the kinematic space approach to higher dimensional systems, later approaches defined points
in kinematic space as oriented bulk geodesics, and simultaneously as ordered pairs of boundary points
[132].

In the case of a pure AdS3; geometry, these approaches are consistent since there is a unique geodesic
connecting each pair of spacelike separated boundary points. Other well known locally AdS3 geometries
can have several geodesics connecting each pair of boundary points, namely conical defects and BTZ
black holes [137], 138} 139]. There are two diverging ways to modify the definition of what constitutes a
kinematic space point in such cases. Any spacelike separated pair of boundary points will be connected
by a unique minimal geodesic, so the bulk definition can exclude non-minimal geodesics from kinematic
space with no need to change the boundary definition. Alternatively, non-minimal geodesics can be
considered as points with the same standing as minimal ones, in which case ordered pairs of boundary
points alone will not fill out kinematic space. Excluding non-minimal geodesics is not desirable due
to the generic fact that minimal geodesics do not reach all depths of the bulk. The region probed by
non-minimal geodesics is known as the entanglement shadow [102] [09] T03]. A full description of the
bulk in terms of kinematic space can only succeed when non-minimal geodesics are included. This forces

a change to the definition of kinematic space from the boundary point of view.

In this chapter, we take up the issue of non-minimal geodesics in kinematic space, and the matter of
an equivalent boundary definition of points in the simplest geometry exhibiting this feature, the static
conical defects in three bulk dimensions. In Section the geometry of the conical defect kinematic
space is derived in two ways. The first is a simple application of the differential entropy definition applied
to geodesics of all lengths. The second follows [140] in noting that the conical defects can be obtained
as a quotient of pure AdS;. Under this quotient classes of geodesics are identified, producing a quotient
on kinematic space, and leading to a result equivalent to the first approach. In Section the metric
of kinematic space is extracted from OPE blocks in the CFT. By mapping to a convenient covering
CFT system we find that conventional OPE blocks can be broken down further than done before using
the method of images. Individual image contributions to the OPE blocks contain information about
subregions of kinematic space that, when combined, reproduce the same space identified from the bulk.
Intuition from previous uses of the method of images to calculate correlation functions holographically
suggests an association between partial OPE blocks in the CFT and geodesics of a fixed winding number
in the bulk. Kinematic space provides a realm where the connection between these objects can be made
precise, as is shown in Section [2.40 We conclude by isolating the contribution to the full OPE block

from individual bulk geodesics, minimal or non-minimal, which connect the boundary insertion points.

1This approach was recently inverted to derive the universal parts of the entanglement entropy in a CFT with a
boundary from knowledge of the kinematic space [136].
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This extends the holographic dictionary established in [I32] between OPE blocks and geodesic integrated

operators, and provides more fine-grained information about the holographic contributions to the blocks.

2.2 Kinematic space from the bulk

In this section we focus on static conical defect spacetimes and consider the kinematic space for a
constant time slice. We show that the differential entropy approach [I31], and the quotient approach

[140] produce different fundamental regions of the same kinematic space, but are entirely equivalent.

2.2.1 Review of geometries
In global coordinates, the universal cover of AdSs has the metric

ds? = R 45(— cosh? p dt® + dp? + sinh? p d¢p?), (2.7)
with t € R, p € RT, and ¢ € [0,2n] with the identification ¢ = ¢ + 2x. Throughout this chapter

the “unwrapped” time coordinate ¢ of the universal cover will be used. The AdSs; geometry can be

(2,2)

understood as a surface embedded in the higher dimensional flat space R with metric

ds® = —dU? — dV? +dX? +dY>. (2.8)
The AdS3 metric is induced by restricting to a hyperbolic surface
—U?-V?+ X?+Y? = —Rigs (2.9)

The parameter Raqs is the AdS length scale which will be set to unity throughout the remainder of this

chapter. The metric in global coordinates is obtained from the embedding equations
U =coshpcost, V =coshpsint, X =sinhpcos¢, Y = sinh psin . (2.10)

For visual representations it will be useful to consider the Poincaré disk. By taking a constant time

slice t = 0, equivalently V = 0, the metric induced from R(!:?) is that of the hyperbolic plane Hs,
ds? = dp? + sinh? p d¢?. (2.11)

This describes a two sheeted hyperboloid in R(1?) with disconnected parts above and below the U = 0
plane. The tips of the sheets are located at (—1,0,0) and (1,0, 0) in the (U, X,Y’) embedding coordinates.
The Poincaré disk can be obtained by projecting the U > 1 sheet onto the U = 0 plane through the point
(—1,0,0). In the disk, boundary anchored geodesics are described by the particularly simple equation

tanh p cos (¢ — ) = cos . (2.12)

Here 6 denotes the angular coordinate of the center of the geodesic, and « € [0, 7] is the half-opening

angle. Pictorially, geodesics in the Poincaré disk are arcs of circles that meet the boundary at right

angles as in Figure
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(a) (b) (c)

Figure 2.2: (a) The Poincare disk showing a geodesic and its kinematic coordinates. (b) A spatial slice
of a conical defect, with N = 3 for illustration, showing three geodesics subtending the same boundary
interval with winding numbers n = 0,1, 2 respectively in order of increasing length. (c) The covering
space of the conical defect showing identified wedges, and preimages of the corresponding geodesics in
Figure (b). Also shown are two equivalent images of the minimal geodesic (red).

Conical defect spacetimes can be obtained as a quotient of AdS3 by identifying surfaces of constant

¢ leaving an angular coordinate with a smaller period. In global coordinates the metric is simply
ds®> = — cosh? p dt? + dp? + sinh? p d¢?, (2.13)

where now ¢ = ¢ + %T The parameter N € (1,00) gives the strength of the defect. This metric is no
longer a solution of the vacuum Einstein equations everywhere but requires a pointlike source at the
origin. The defect can be viewed as a static particle of mass M where 4GyM =1 — 1/N. The mass
must stay below the black hole limit M = 1/4G y, which corresponds to N — oo. For the special cases
where N is an integer, the spacetime is a cyclic orbifold AdS3/Zy. Some example geodesics in the t =0
slice of the conical defect are shown in Figure and the corresponding geodesics of AdS3 in Figure
22d

The kinematic space corresponding to the Poincaré disk was investigated in [I31] and found to be a
two dimensional de Sitter geometry. For ease of comparison the dSs spacetime can be embedded in the

same R(™2) where it is a one-sheeted hyperboloid given by
U+ X2 4Y?=1. (2.14)
The embedding equations
U =sinht, X = coshtcosf, Y = coshtsinf, (2.15)
lead to the dS, metric in global coordinates,
ds® = —dt? + cosh® t db>. (2.16)

Conformal or “kinematic” coordinates (c, #) will be used often in this chapter as they naturally fit with

the description of kinematic space as the space of geodesics in AdS3. The transformation cosht = 1/sin a,
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where now « € [0, 7], leads to the dSs metric

ds? — —da? + db?
B sina

(2.17)

With these conventions laid out, the remainder of this section briefly recounts the derivation of the
kinematic space geometry for pure AdSs, then details two methods of obtaining the kinematic space for

conical defects from the bulk.

2.2.2 Kinematic space from differential entropy

In [131] a definition of kinematic space for constant time slices of AdSs in terms of differential entropy
was derived from integral geometry. Each interval of the boundary, denoted by an ordered pair of points
(u,v), corresponds to a point in kinematic space covered by null coordinates (u,v). The kinematic space

metric in these coordinates was found to be

2 _ 028 (u,v)

ds oudv

dudv, (2.18)

where S(u,v) was the length of the shortest oriented geodesic connecting the ends of the interval (u,v)
through the bulk. Since the length of a minimal geodesic is holographically interpreted as the entan-
glement entropy of the interval it subtends, the quantity 92S/0udv was dubbed differential entropy
[96], 97, [T4T]. However, many interesting spacetimes including the conical defects and BTZ black holes
have multiple geodesics connecting pairs of spacelike separated boundary points. Non-minimal geodesics
do not correspond to entanglement between spatial regions, but have been conjectured to describe corre-
lations between internal degrees of freedom [102]. Because of this potential interest, and their importance
in the geodesic approximation for correlation functions [142, [143], in this chapter the differential entropy
definition will be expanded to include non-minimal geodesics.

For the constant time slice of AdSs, there is a unique oriented geodesic connecting each ordered pair
of boundary points so the issue of non-minimal geodesics in eq. does not arise. Geodesics can be
labelled by their half-opening angle o and centre angle €, and have length

1 2si
log =22 (2.19)

S(a) =
(a) el .

where p serves as a gravitational infrared cutoff [144]. By transforming between kinematic coordinates
and null coordinates using u = 6 — «, and v = 6 + v, eq. (2.18) can be applied to find

1 1
~ 8Gy sin?[(v — u) /2]
1 —dao? + do?

8Gy  sina

ds? dudv

(2.20)

Thus, the kinematic space of a constant time slice of AdSs is dSy according to the differential entropy
definition, as shown in Figure The oo < 7/2 and a > 7/2 halves are mapped into one another under
orientation reversal which acts as « — 7 — «a and 8 — 6 + 7. The geodesics with a = 7/2 cut straight
across the Poincaré disk and have maximal length.

Now consider a constant time slice of the conical defect geometry eq. . Since the total angle
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0 = 27N 2n

Figure 2.3: The Penrose diagram for the dSs kinematic space for pure AdSs is shown as the full rectan-
gular region, with 6 = 6 + 2w. For the conical defect case the differential entropy definition of kinematic
space produces a vertical strip subregion. The same angular identification which gives the conical defect
from AdS;3 also gives the kinematic space. N = 3 is shown for illustration throughout most of this
chapter.

around the boundary is 27/N, the centre angle of a geodesic will now be denoted 6 € [0, 27 /N]. Once
again, for any pair of boundary points there is a unique minimal geodesic connecting them through
the bulk. Minimal geodesics have half-opening angles in the domain « € [0,7/2N], and by reversing
orientations with & — 7—a and § — §-+7 /N, also the domain « € [(2N—1)7 /2N, 7). Minimal geodesics

cover the top and bottom regions of kinematic space in Figure 2.3

In contrast to AdSs, there can be non-minimal geodesics connecting pairs of boundary points. It will
be useful to label geodesics and their corresponding regions in kinematic space by the number of times
they wind around the defect, n. The cases of integer and non-integer N will be treated separately for

clarity.

For integer N there are N — 1 non-minimal geodesics connecting each pair of boundary points, with

winding numbers 1 < n < N — 1. Geodesics with winding number 7 fill in the regions of kinematic space

a (;l;(”;Nl)q . ac [(QN ;;/f DLy (2N2N”)”> , (2.21)

where these domains are related by orientation reversal. The upper and lower halves of kinematic space
are divided by geodesics with o = 7/2 which touch the conical defect. On the covering AdSs space,
these are the straight lines through the origin of the Poincaré disk. In total there are 2N equally sized

regions on kinematic space in the (a, ) coordinates.

For non-integer N, the maximally winding geodesics have n = | N| and live near the centre line

a = 7/2. There are fewer maximally winding geodesics than other classes, filling out a truncated region

e (W22 @0y, )

Other winding numbers follow eq. (2.21]). Each pair of boundary points is connected by |[N] or [N ] —1

geodesics, depending on their angular separation.

The differential entropy definition eq. (2.18)) can be applied to show that the geometry on kinematic
space remains locally dS, for any N. The key fact is that minimal and non-minimal geodesics still
have lengths given by eq. (2.19)) [I44]. Treating the types on equal footings from the point of view of
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kinematic space and using u = 6 — o, v = 0 4+ « once again give

1 —da? + do?

ds® =
5 8GNy  sin’a

(2.23)

The kinematic space for a constant time slice of a conical defect has the same dSs metric as the AdS3
case, but with the angular coordinate identified as § ~ 0 + 27 /N. This was expected since the static
conical defects are locally AdSs, only differing by the global identification along the angular coordinate.
The identification does not affect the lengths of the remaining geodesics. From the differential entropy
perspective, the conical defect kinematic space is found by taking an angular quotient of the AdSj
kinematic space; the same quotient that produces the conical defect from pure AdSs itself. In the
next section we show how the quotient acts on geodesics in the covering space, displaying the inherent

ambiguities involved in defining kinematic space.

2.2.3 Kinematic space from boundary anchored geodesics

The bulk calculation of the kinematic space for conical defects is more enlightening when the defects
are viewed from the perspective of the covering space, AdSz. In particular, it provides motivation for
treating minimal and non-minimal geodesics on equal footing in the definition of kinematic space, since
there is no real distinction between the types when viewed in the cover. All spacelike geodesics of the
conical defect descend from the covering space; the quotient that produces the conical defect divides
geodesics into equivalence classes.

As an explicit example, consider the case of N = 2. The covering space of Ha/Zs is shown in
Figure The covering space can be split into two regions with boundaries labelled A and B, which
are identified under the quotient. Boundary anchored geodesics on this slice can be grouped into four
classes {AA, BB, AB, BA} depending on the boundary region their endpoints lie on. The locations of
the classes on kinematic space are shown in Figure

Under the Zs quotient, BB geodesics are mapped into AA geodesics. Similarly, BA geodesics are
mapped into AB geodesics. Therefore, all geodesics in Hy/Zo can be generated by the classes {AA, AB},
and the Z, action. The number of unique geodesics in the conical defect slice is greatly reduced, and
similarly for points on kinematic space. As is shown in Figure the kinematic space for the N = 2
conical defect slice is a diagonal strip of width 6 = 7w, with the identification 6 = 6§ + 7. However, there
are many equivalent ways to choose the fundamental region under the quotient action. If, for example,
the classes {AA, BA} had been chosen as fundamental, the diagonal strip would point in the opposite
direction. Similarly, the entire strip can be shifted by any amount in the € direction. There is nothing
to distinguish these choices, so as in [I40] a conventional choice has been made.

The quotient only changes the global identification of points in the spacetime, and the geodesics within
it. The relationship between nearby geodesics in the kinematic space metric are locally unchanged. While
the origin of AdSj is a fixed point of the quotient, there are no oriented geodesics which are left invariant.
From the perspective of kinematic space, the quotient is freely acting, so the metric is expected to be
locally unchanged, and the topology to be invariant. This is in contrast to the kinematic space of the
BTZ black hole found in [I40]. The quotient of AdSs; which produces a BTZ black hole has no fixed

points so there are no curvature singularities in the BTZ spacetime, but there are geodesics which are

2A previous paper [I45] describing the kinematic spaces for several locally AdS3 geometries, including conical defects,
chose to consider only minimal geodesics, and hence found different kinematic space geometries.
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Figure 2.4: (a) Oriented geodesics in the Poincaré disk labelled by their endpoint locations. The N = 2
wedges are shown with two identified boundaries A and B. (b) Regions of kinematic space labelled by
the boundaries each geodesic ends on. For the conical defect with NV = 2, the shaded diagonal strip is a
fundamental domain equivalent to the vertical strip.

fixed under the quotient which changes the topology of kinematic space from a single cylinder to two.

For the more general case of a Zx quotient, there are N2 distinct classes of oriented geodesics from
the number of ways we can choose two ordered endpoints. The number of distinct regions in kinematic
space is N(N + 1), one for each of the N? classes, and one extra for each of the N boundaries. The
fundamental region is a diagonal strip with width given by 27/N since § = 6 + 27/N is identified. This
also describes the fundamental region for arbitrary V.

The two approaches presented here, using the differential entropy definition eq. , and studying
how the quotient identifies geodesics on the covering space both produce a locally dS, spacetime but
naturally pick out different regions of the kinematic space. The differential entropy definition picks out
a vertical strip, while the classification of endpoints on the covering space produces a diagonal strip.
However, it is clear from the latter approach that there are many equivalent choices of fundamental region,
each with its own merits. The diagonal choice contains some geodesics which have boundary position
6 > 27 /N on the cover. The vertical choice only contains geodesics which are centred at boundary
coordinates 6§ < 2m/N. Since it is easiest to label geodesics with kinematic coordinates o € (0,7) and
0 € 0,27 /N], the vertical strip will be used in the rest of this chapter.

2.3 Kinematic space from the boundary

2.3.1 Kinematic space metric from conformal symmetry

In [132] a definition of kinematic space from the boundary theory was given: each point in kinematic
space corresponds to an ordered pair of CFT pointsE] For pure AdSs/CFT; restricted to a time slice,
each ordered pair of CFT points singles out a unique spacelike boundary anchored geodesic so this
definition is entirely natural. In the full time dependent geometry, conformal symmetry alone fixes the

metric on kinematic space to be
L (21 = 22)

ds® =4
|z1 — 2|2

dzhdxh, (2.24)

3In [132] and [146] it was shown that an equivalent definition can be made in terms of boundary causal diamonds.
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where
Tl — 332)#(131 - 332)11

(z1 — 22)?

I,uv(xl - x2) = Nuv — 2( s (225)

is the inversion tensor. The numerical prefactor in the metric is chosen by convention. The two CFT
points x4 and x4 form a pair of lightlike coordinates on kinematic space with the strange signature (2, 2).
Since kinematic space is not to be viewed as a physical space, but only as a useful auxiliary space for
translating between the bulk and boundary, this is not a concern.

In order to get back the dSs metric found from the bulk, it is easiest to perform a coordinate
transformation from the planar set f = {t1,z1} to kinematic coordinates on the cylinder. The two

pairs of kinematic coordinates are defined through

—_

1
tanoz:§(t17t2+z17x2), 0:*(t1+t2+(171+$2)),

[\)

. R (2.26)
tano_tii(tlftgf(llfl’g)), 0:§(t1+t27(1’1+$2)).

In terms of these coordinates the kinematic space metric is two copies of the dSy metric in eq. (2.17)),

—da? +df?  —da? + df?
ds? = 00 LA, dam b Al (2.27)

2sin” « 2sin’ a

Thus the kinematic space for global AdSs, and the dual vacuum state of a CFTs is dSexdSs. When
we restrict to a constant time slice by setting t; = ty = 0 we see from eq. (2.26) that @ and 6 become
redundant coordinates fixed in terms of {a, 6}, and that eq. (2.27) becomes eq. ([2.23), up to the

arbitrarily chosen prefactor.

When the bulk spacetime has non-minimal geodesics, there is no longer a one-to-one correspondence
between pairs of CFT points and bulk geodesics. In such a case the argument above cannot be applied.
In order to reproduce the quotient structure of kinematic space for conical defects seen in section [2:2]
another approach must be taken. We take the point of view espoused in [I47]; OPE blocks in the CFT
should be viewed as free fields on kinematic space, and their equation of motion reflects the geometry

of kinematic space.

2.3.2 OPE blocks

In [132], the operator product expansion (OPE) of two scalar CFT operators was broken into OPE
blocks, and these blocks were identified as fields on kinematic space. Two scalar operators O;(x1) and
0;(0) in a planar CFT with conformal weights A; and A; respectively can be expanded in terms of a

local basis of operators at the origin,

Oi(@)0;(0) = > Ciji |23+ 7373 (14 by 278, + by 29379,y + ... ) Ok (0). (2.28)
k

This is the OPE, where the quasi-primaries O (0), and their descendants given by the derivative terms,
form the basis of operators at the origin. Notably, the b,, coefficients are completely fixed by conformal
symmetry, while the Cy; are simply constants, but are theory-dependent. Each term in the sum has a
characteristic scaling dimension Ay, the dimension of the quasi-primary Oy, and represents the contri-

bution to the OPE of the entire conformal family of Of. Each of these terms can be packaged into a
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new operator B,ij(:rl, x9) called an OPE block, and the OPE can be written as

O; (1) O; (x2) = |y — 2| >3 N By (w1, 2). (2.29)
k

Since the OPE blocks depend on a pair of CFT points, the two points where operators in the OPE
are inserted, it is natural to view them as fields on kinematic space. A major insight of [132] was that
the Casimir eigenvalue equation satisfied in the CFT by the OPE blocks can be interpreted as a wave
equation. The differential representation of the CFT Casimir operator appropriate for OPE blocks is the
Laplacian in the kinematic space metric eq. . This gives yet another prescription for determining
the kinematic space for a CFT state which is applicable when arguments from conformal symmetry
alone are not sufficient, as advocated for recently in [I47]. In the following section, we will show how
this prescription can be modified and used to obtain the kinematic space for excited CFT states dual
to conical defects, in agreement with the results of section [2.2] First, we review how the bulk metric
of AdS3 can be determined from a quadratic CFTy Casimir in a differential representation appropriate
for scalar fields, and how the bilocal scalar representation of OPE blocks gives the metric on kinematic
space. These initial cases have been summarized in [132] [146].

In a 2d CFT, the global conformal group SO(2,2) forms a subgroup of the larger Virasoro symmetry
group. The global subgroup corresponds holographically to the isometries of pure AdSs with appropriate
boundary conditions, while the other generators of the Virasoro group are associated to transformations
which preserve the asymptotic boundary [49]. The global conformal generators Lo 11, I_Jo,il in the
standard basis satisfy two copies of the Witt algebra

(L, L) = (n —m)Lpsm, [LnsLm) =0 —m)Lyim, [Ln,Lm]=0. (2.30)
When acting on conformal operators, the algebra is represented by some differential operators £,, as
[Lny Ok('r)] = Enok(x)a (231)

which depend on the SO(2,2) representation of Ok.

The quadratic Casimir operator

1
Cy = —§LABLAB = 202+ (4L + L L)) + (L — L), (2.32)

commutes with all the global conformal generatorsﬂ Here, Lp is written as an SO(2,2) Lorentz
operator in the embedding space formalism [148]. Quasi-primary operators O (z) are eigenoperators of
this Casimir obeying

(€2, Ok(a)] = 5 £ LapOi () = ChO(a), (233)

where for a quasi-primary with scaling dimension Ay and spin [ the eigenvalue is
Cr =Ak(Ar —d) — lg(lx + d — 2). (2.34)

The same eigenvalue applies to the conformal Casimir in higher dimensional CFTs although we only

consider d = 2 here. Since descendants of O (z) are obtained through the action of conformal genera-

40ur conventions are as in [146].
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tors which commute with Ca, descendants obey the same Casimir eigenvalue equation. Thus, Casimir
eigenvalues classify irreducible representations of the global conformal group.

The holographic interpretation of the Casimir equation depends on the representation used for
the conformal generators. As an example, consider a scalar quasi-primary operator Oy with dimension
Ay, dual to a massive bulk scalar field ¢. In terms of right and left moving planar CFT coordinates

£ =xa+t €=ux—t, the appropriate differential representation of the global conformal generators is
1
L_ 1= 65, Lo = —585 — §Ak7 L= 5285 +€Ak, (235)

and similarly for barred generators with & — £. An explicit calculation of eq. using eq.
verifies that [Ca, Ok ()] = Ar(Ar — 2)Ok(x).

Holographically, the global conformal generators correspond with AdSs isometries. Scale/radius
duality prescribes that the scaling dimension Ay be replaced by the radial scale operator zd,. Then the

conformal generators become
1 2
N-1=20¢ mno=—E0 — izﬁz, m = &0t + £20,, (2.36)

with a barred sector given by & — £. These operators still satisfy the algebra eq. (2.30) under the Lie

bracket. However, this algebra now admits a non-trivial extension
m— 5285 +£20, — 2285, L — 5235 +£20, — 2285, (2.37)

which leaves the Lie brackets between all elements unchanged, and which vanishes in the boundary limit
z — 0. Using the extended algebra, and replacing Oy by its dual field, the Casimir equation
becomes

(zaz - 2285 — 4228585) 0 = —Oagsp = —m2p, (2.38)

which is the Klein-Gordon equation for a massive scalar field in Poincaré AdSs, with m? = —Ag(Ag —2)
[149]. In the Ay scalar representation, the global conformal Casimir can be identified as the AdS;
Laplacian, Co = —agqs.

In a similar manner, the Laplacian for the kinematic space of the CFTs vacuum state can be derived
from the Casimir in an appropriate representation. The authors of [132] identified this representation
from the transformation properties of OPE blocks, the natural candidates for fields on kinematic space.

Under a conformal transformation, a spin-zero local operator with scaling dimension A; transforms as

NA; ’ ’ ox'H
O; () > Q@Y 0; ("), Q') =det a0 ) (2.39)
while
@1 — wa| = (Q () Q (2h)) ™ | — 2. (2.40)

From eq. (2.29)), these transformation laws imply that OPE blocks obey

Q! (Ai=Aj)/2
) BY (ah,2}) (2.41)

5 (.2 > (5

Restricting to the case of A; = A; shows that the equal-weight OPE block transforms in a spinless, A = 0
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representation in each of its coordinates. This is the same transformation law as a pair of dimensionless

scalar operators o1 (x1)pa(z2). The action of the conformal generators on this pair is, from eq. (2.31),

[Lns p1(21)02(22)] = [Ln, 1(21)]02(22) + @1(21) [ L, d2(22)]

(2.42)
= (Ln1 + Ln2)p1(x1)p2(r2),

where L,, j is the A = 0, = 0 differential representation of L,, acting only on the xj coordinates. The
OPE block is a linear combination of a single quasi-primary and its descendants, so it satisfies a Casimir

eigenvalue equation with the same eigenvalue (2.34) as the quasi-primary,
L .aB AB
[CQ,Bk (xl,xg)] = 7§(£1 + L5 )(EABJ + £A372)Bk (.%1,332) = CLBs (a:l,:ng) . (2.43)

Employing an explicit representation for the conformal generators will produce a differential equation
for the OPE blocks which can be interpreted as a Klein-Gordon equation on kinematic space.
From the global AdSs Killing vectors

&1 = %eﬂ“ﬂb) (tanh(p)9; + i0, + coth(p)dy), E1= %eﬂ‘(t*(f)) (tanh(p)9; + 10, — coth(p)dy),
1

1
& = 5(315 + 0y), 0= 5(& — 3(;5)7 (2.44)
&= %emﬂ)) (tanh(p)9y — i0, + coth(p)dy), & = %ei(t_¢)(tanh(p)8t — 10, — coth(p)dy),

we can obtain a differential representation of the conformal generators on the cylinder by taking the

p — 0o boundary limit [49],

L= %eﬂ'(tﬂb) (8, + 0y), L = %e—i(t—qb) (Or — 0),
1 - 1
Ly = 5(3:& +0s), Ly = 5(@ — ), (2.45)
£y = 3¢ (3, +,), Ly= 190, 0y).

Using this representation to calculate the Casimir in its bilocal scalar representation (2.43) requires
computing
1 1
- izAB,l,c{‘B — §£AB,2£5‘B + LapaLs?, (2.46)

as in eq. . This task is simplified since the two terms which act on only a single coordinate do
not contribute. This can be verified directly from the representation , or by noting that L4 Bﬂ-Lf‘B
acting on By (1, z2) produces the eigenvalue , which vanishes for the A = 0, [ = 0 representation
appropriate for the equal-weight OPE blocks in d = 2.

The term with mixed derivatives does not vanish. It is
Lap1LyB =—4 (Lo1Lo2+ LoiLo2) +2[L11Lig+ L1aLorp+LiaLoro+Log1Lra],  (2.47)

where the second index indicates which point in the pair (z1,x2) the operator acts on. Using eq. (2.45))

leads to

’CAB,1£2AB =-2 (atlatQ + a¢1a¢2) + cos (tl —ta+¢1 — ¢2) (atl + a¢1) (atQ + a¢2)

(2.48)
+ cos (t1 — 1ty — (¢1 - ¢2)) (8t1 - 8(171) (atz - ad’z) .
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This operator simplifies greatly if we introduce coordinates analogous to the kinematic coordinates used

in cq

azl(tl—t2+(¢1—¢2)), 9:1(t1+t2+¢1+¢2),

% ) ? (2.49)
@15@1*752*((251*(252))7 9:§(t1+t2*(¢1+¢2))7
which leads to
Lapa1LyP = —2sin’a (—02 +03) — 2sin’ & (92 + 07) . (2.50)

The Casimir equation for the OPE block is then
[Ca, By (x1,x2)] = [72 sin? o (78§+83) —2sin®a (78§+8§)] Bi (z1,22) = Ap(Ax—2)By. (2.51)

It is easy to check that this operator is the scalar Laplacian in the dSoxdSs metric (2.27) found from
conformal symmetry arguments. This motivates the interpretation of an OPE block as a negative mass

scalar field propagating freely on kinematic space [132],
(Oas + Oas) B (z1,22) = m*B, (2.52)

with the mass term m? = —Ax(Ay — 2) given by the Casimir eigenvalue for the quasi-primary
of the block. Again, kinematic space is meant to be a useful auxiliary space, not a physical one, so the
appearance of negative mass fields is not a concern.

In the following section the equal-time OPE will be considered for CFTs dual to conical defects.
Setting ¢; =ty = 0 in eq. and eliminating two redundant coordinates in eq. leads to the
Laplacian for a single dSs spacetime,

0? 0

[Co, By (t = 0,,0)] = —4sin® a (—M + 892> B (t=0,q,0). (2.53)

2.3.3 CFT dual to conical defects

Conical defect spacetimes can be created by adding a particle to pure AdS and are dual to certain
excited states of the boundary theory [142] [I50]. The dual CFT is discretely gauged and lives on a
cylinder with an angular identification inherited from the bulk. For the conical defects with integer N
it is often useful to consider a covering CFT living on the boundary of pure AdS3 that ungauges the
discrete Zy symmetry [102]E| Physical, gauge invariant quantities in the base CFT can be computed
from appropriately symmetrized quantities on the cover. This method of images on the cover is a
common way to calculate correlation functions of operators in the base CFT [142] [152] 153, [154) [155].
It is important to note that the covering CFT is not identical to the base CFT, as there are many
non-symmetrized quantities on the cover that do not correspond to physical, gauge invariant quantities
on the base. In addition, the two theories do not share the same central charge. In line with section
quantities on the base where ¢ € [0,27/N] will be marked with a tilde to distinguish them from

5There is no longer a tan because this transformation is between sets of coordinates on the cylinder.
6The covering CFT only inherits a Virasoro symmetry group when N is an integer [I51].



CHAPTER 2. KINEMATIC SPACE FOR CONICAL DEFECTS 35

quantities on the cover where ¢ € [0, 27].
Restricting to integer IV, a base operator @(t, czNS) of dimension A can be represented on the cover by

a symmetrized operator
N—1

o 0
o (t, ¢) _ ;fmz_:oexp <i27;vm%>(’) (t,8), (2.54)

where O(t, ¢) is an operator on the cover of the same dimension A, with ¢ € [0, 27], and the first copy

(m = 0) is inserted at ¢ = (ﬁ by convention This convention is somewhat arbitrary. It reflects the
freedom to choose a fundamental domain on the kinematic space, as will become clear. The timelike

coordinates of the two theories are simply identified, and we work on a fixed time slice in both cases.

2 0
exp <Z7]r\;n 6¢>’ (2.55)

The generators of rotation

are conformal generators that have the effect of permuting through copies of O(t,¢) equally spaced

around the circle. An equivalent expression to eq. (2.54) is

0(1.9) = ]lvzoo(t ¢+27”">. (2.56)

Partial OPE block decomposition

The main goal of this section will be to obtain a symmetrized expression for the equal-time base OPE
in terms of cover OPE blocks. That expression can then be used to determine the appropriate Casimir
eigenvalue equation for the blocks, and in turn the kinematic space geometry can be inferred. The base
OPE of equal-time operators inserted at locations (¢, $1) and (t, (52) with ¢1 > ¢ is of the form

O; (£.01) O; (1, 32) = [2— 2cos(dn } ZC’UkBk (.61.02). (2.57)

where By, (t, b1, ¢~>2) are the equal-time base OPE blocks Again, A; = A; = A so the indices ¢,j on
the OPE blocks are dropped for brevity. The base OPE can be rewritten using eq. (2.54)), after which
the OPE between cover operators can be broken into OPE blocks to get

Oilt, 31)05(1,62) == 3° 3 exp (2”(%) (zmafb)oi(t,@)oj(t,@)

1 — 2ra 0 2rb 0
_ 1 2ma 0 2mb 0 2.58
52 b_gexp(zN 3¢1>6XP<ZN 8¢>2> (2.58)

|2 2COS(¢1 ZCZJkBk 13 ¢13¢2)] .

The structure constants and OPE blocks may be different on the cover compared to the base, and are
differentiated by a tilde.

"The equality of scaling dimensions here is a consequence of unitarity in a 14+1d CFT and may not be guaranteed in
higher dimensions.

8Here, operators on the cylinder have been rescaled relative to the planar operators used in section see [9] for
example. In the OPE limit ¢2 — ¢1 where the curvature of the cylinder becomes unimportant, one recovers the form of

eq. - ) for a planar CFT.
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Figure 2.5: On kinematic space, ¢; is a null coordinate. In terms of cover operators, acting with
exp (i 21\7; 8‘3) ) increases the angular separation «. In terms of conical defect geodesics, acting once with
exp (i2 ~ 82 ) increases the Winding number while leaving the endpoints fixed. All winding numbers are
reached by acting with exp (i2F a ;) generators, in contrast to exp (i3 2 8 —) generators.

Now, in the covering space we introduce kinematic coordinates of the form (cf. (2.49))

= J(61—62). 0= (6 + ) (2.59)

The permutation generators can be rewritten

2ra 2mb 0\ 2m(a—10b) O 2rth 0
exp (lﬁ’gb> (ZN%> = exp (ZN&%> ex (ZN&?) (2.60)

The N? terms in the double sum (2.58) can be reorganized into a more appealing form

N-1

(2.61)
Z exp <22Nb889>3k (t, «, 0)] .

b=0

1 Ry 2rm
, -A
e Ek Cijk Oexp (z N 8¢1) [[2 — 2 cos(2a)]

The interior sum over b accounts for the IV terms where both points ¢; and ¢5 are shifted by the same
amount, that is a = b. In this case « is fixed; the 9/00 generator permutes between images of the pair
of operators on the cover. From the bulk viewpoint, 9/90 permutes through the N images of a geodesic
that are identified under Zy. In the exterior sum, the 9/0¢; generators increase the angular distance
between the insertion points. In bulk terms, 9/9¢; changes the winding number of geodesics connecting

the boundary points.

It may seem more natural to use 9/0a generators along with the 9/96 generators. However, when
N is an even integer, acting with 0/« alone does not reach images on the cover of all separations «.
In bulk terms, not all winding numbers for geodesics with a given orientation can be reached with 9/d«
generators alone. In order to reach all images for all integer N, a combination of 8/96 and one of §/9¢;
or 9/0¢2 is needed, as illustrated in Figure

The form of eq. (2.61)) suggests the definition of a more fine-grained OPE block which is symmetrized
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62" 6" 5"

(a) Bk,m=0, n = 0 geodesics. (b) Br,m=1, n =2 geodesics (¢) Br,m=2, n = 1 geodesics

Figure 2.6: (a)-(c) The contributions to the base OPE from symmetrized pairs of operators at fixed
angular separation in the covering CFT are encapsulated in the By, ,, blocks. The corresponding oriented
bulk geodesics are displayed to show the pairings. Note that only two operators are inserted on the
boundary at a time, but all image locations are displayed here for comparison.

on the cover,
N-1

By (t, a, 0) = Jif [2 — 2 cos(20)] 4 Z ex ( 217\;1) (%)Bk (t,,0), (2.62)
b=

where « takes on a fixed value a,, within each term of this block. We emphasize that since this “partial”
OPE block is Zy symmetrized it is a valid observable on the base theory. The OPE of the base theory

is then put in the suggestive form (cf. (2.54)))

~ N—-1 9 a
Oi(t, 1)0,( chk > exp< ?Vm 30, )Bkm(t,am,o). (2.63)

m=0

The partial OPE blocks By, (t, cum, 0) encapsulate the contribution to the base OPE from ordered pairs
of cover operators at a common distance o, = « + mn/N, and ¢1 > ¢2 as in Figure

The base OPE blocks By, in the decomposition (2.57) group the contributions to the OPE from the
conformal family of the primary Oy. In rearranging the sums to get we lose this interpretation for
the partial OPE blocks B, i, (¢, aim, 6). It is not immediately clear what CFT operator contributions these
blocks group together. However, we will find that the partial OPE blocks have a clear interpretation in
the bulk; they organize the contributions to the base OPE from bulk geodesics of fixed winding numbers.

For each block By (t, am,6), the coordinate 6 is in the domain [0,27/N] since § = 8 was set by
convention. We can always choose 6 in this fundamental domain, even though its full domain on the
covering space is [0, 27], because the symmetry generators in eq. permute through all the images
of 6 symmetrically. The choice of fundamental domain for this coordinate is the same as the choice for
a fundamental domain of kinematic space made in eq. and section m

Importantly, in a single By, , (¢, o, 0) block the coordinate au,, is restricted to a domain of size 7/2N.
To see this, consider the m = 0 block where the image points have the smallest separation a and are
connected by a geodesic of winding number n = 0 through the bulk. Fix ¢ and allow ¢; to take on
different values. Keeping n = 0 and ¢ > ¢ requires ¢ to stay in the domain (¢po, do + 7/N). Over
this domain a(,,—g) € (0,7/2N) so the By o block corresponds to « in this range. Increasing m — 1
moves the ¢; insertion to its next image at ¢; + 27/N, so the By 1 block has o (y,—1) € (7/N,3m/2N)

and corresponds to geodesics of winding number n = 2. The relationship between m and n is piecewise
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linear, and differs for even or odd integer N. For odd N,

21 ... [N/2|=1]||N/2 N/2 N/2]+1|... | N=2 | N-1
. [V72] 1 | (/2] | [ | [N/ + e
ni|0]|2|4]... N-3 N—-1 | N-2 N—4 3 1
while for even N,
N/2—1| N/2 | N/24+1|...| N=-2| N-1
N even : / / /24 (2.65)
ni{0|2|4|...] N=2 | N-1 N-3 3 1

All values of the winding number n are reached by the N applications of the 9/0¢; generator for both
odd and even N. In summary, with our conventions each partial OPE block By (¢, am,0) lives in a
restricted domain 0 € (0,27/N) and o, € (mn/N,mn/N + 7/2N).

Partial OPE block Casimir equations

It was noted in eq. (2.43)) that an OPE block satisfies a Casimir equation with the same eigenvalue as
the quasi-primary Oy it is built from. Since the Casimir operator commutes with all elements of the

global conformal group, the By, ,, blocks satisfy the same Casimir equation as the Bj, blocks from which
they are built (2.62)), with the same eigenvalue,

[C27 Bk (tv «, 0)] = CkBkv

N-—1
1 _ 2mh O (2.66)
— [Co Bim] = 7 2~ 2c0s(20) A3 exp (ﬁff aa)[Cg,Bk] = 4B
b=0

The differential representation of Co must be adapted for the By ,, blocks compared to the By blocks
because the conformal generators of the base and cover theory are not the same.

While the conical defect is dual to an excited state of the base CFT, the covering CFT is in its ground
state [I02]. For this reason, the differential form of the Casimir operator acting on the By ., blocks is
given by eq. using a representation such as in eq. . The only difference that appears in the
calculation leading to the Laplacian on kinematic space, eq. , is the restricted coordinate domain
of Bim(am,0): 6 € (0,2n/N) and o, € (mn/N, mn/N + 7/2N). Thus the Casimir equation for the
Bj;,m blocks is

0? 0?

a2
[Ca,y Bim (t, i, 0)] = —4sin®(cuy,) (_Mn + 56

) Bk,m (t, Ay 9) = CkBk,m (ta A, 9) ) (267)

which suggests the metric for the kinematic space of the single B, ,,, block is

ds2, = 2 (~da’, + d6?). (2.68)

sin” ayy,
This is a subregion of dSy with the restricted coordinate range as indicated above. Each of the N By, .,
blocks gives rise to a region of kinematic space in the same vertical strip of width 6 € [0,27/N] but
with differing ranges of «, as depicted in Figure The union of these N regions cover half of the
vertical strip, but are not all connected because of how the winding number jumps as one insertion point
is permuted through its images, recall tables and . The indicated half of the vertical strip



CHAPTER 2. KINEMATIC SPACE FOR CONICAL DEFECTS 39

T
[Vorm2e ] . .
I +
a —————————
1 m=1 q (o) dq
m=0 e ° °
0 g 2n/N 21

Figure 2.7: Individual By ,, blocks give rise to one of the shaded regions of kinematic space. The
corresponding geodesics from figure [2.6] are shown as points. The gaps are filled out by including
contributions from the orientation reversed blocks with ¢1 < ¢2. These correspond to the orientation
reversed versions of the geodesics in figure

was obtained by taking ¢; > ¢o for the m = 0 block and acting with 9/0¢; generators. By starting
with ¢1 < ¢o for the m = 0 block and following the same construction with 9/9¢- in the place of
0/0¢1, one fills out the remaining regions of kinematic space. This is made more clear with a view of
the bulk picture in Figure [2.6] where interchanging the roles of ¢1 and ¢, reverses the orientation of the
connecting geodesics.

The base OPE in eq. receives contributions from each By, ,, with both ¢1 > ¢2 and ¢; < ¢s.
Taking the union of the regions identified from each By, ,, shows that the kinematic space for the excited
states dual to a timeslice of AdS3/Zy can be identified as de Sitter with an identified angular coordinate
6 = 6+2mw/N. In other words, the kinematic space of a static conical defect is a quotient of the kinematic
space for pure AdSs, as anticipated in [I31] 132 [145]. This is the same kinematic space geometry, up to
the choice of fundamental region, that was determined from the differential entropy prescription of eq.
, and the analysis of boundary anchored geodesics under the Zx quotient in section m

Just as kinematic space from the bulk point of view can be divided into regions by the winding
number of geodesics as in Figure from the CFT perspective kinematic space is built up from the
contributions to the OPE by images of fixed separation «,,. This suggests that there should be a
connection between the partial By, ,, OPE blocks and geodesics of a fixed winding number associated to
m. In the following section and chapter we will further explore the properties of the new observables,

partial OPE blocks, and will clarify the connection to bulk geodesics and their images under quotients.

2.4 Discussion

In this chapter we have shown that the kinematic space for a constant time slice of a static conical defect
spacetime is a quotient of the kinematic space for time slices of pure AdS3. This fact was anticipated
in 1506, 132], [145] since all locally AdS; spacetimes can be obtained as a quotient of AdS; itself, with
geodesics of AdS3 descending to geodesics of the quotient space. From the bulk our results were derived
from the original differential entropy prescription, and by studying how the quotient acts on geodesics.
The two approaches led to different subregions of the full dS, kinematic space for pure AdSs, but it was
argued that the subregions were equivalent fundamental domains under the identifications.

From the CFT point of view kinematic space had previously been defined as the space of ordered

pairs of points. For a CFT dual to pure AdSs there is a one-to-one correspondence between ordered pairs
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of points and bulk geodesics, making it consistent with the bulk definition. Then, conformal symmetry
can be used to derive a unique metric on the space of pairs of points, matching the bulk results. However,
the one-to-one correspondence is not a typical feature of locally AdS3 spacetimes. While the possibility
of including non-minimal geodesics in the description of kinematic space has been considered previously
from the bulk [I56], [145] [140], there has been no clear generalization of the boundary point of view. In
this chapter we showed that the metric of the kinematic space for conical defects can be inferred from
the Casimir equation of partial OPE blocks. Excited states in a discretely gauged CFT dual to conical
defects can be related to the ground state of a covering CFT, and gauge invariant operators in the base
descend from symmetrized operators in the cover. This allows the base OPE blocks to be broken up into
distinct contributions from pairs of image operators on the cover at each possible angular separation.
These contributions are encapsulated in partial OPE blocks which were shown to satisfy a wave equation.
The Laplacian appearing in the wave equation is that of a subregion of dSs, which allows us to infer the
metric of patches of kinematic space. The base OPE is a sum of partial OPE blocks, while the union of

patches matches the kinematic space identified by bulk arguments.

The method of images provides the solution to the lack of a one-to-one correspondence between pairs
of points and geodesics in this case. When both the bulk and boundary are lifted to their covering spaces,
non-minimal geodesics become minimal geodesics connecting distinct image points. The fact that each
partial OPE block corresponds to a specific range of a on the CFT covering space is very similar to
how the a coordinate on kinematic space arranges geodesics by their winding number. This suggests a
holographic interpretation for the partial OPE blocks: the block By, ,,, represents the contribution to the
base OPE from a single class of bulk geodesics with fixed winding number n related to m by tables
or (2.65). Thus the partial OPE blocks allow for a more fine-grained understanding of the holographic
contributions to the OPE. To confirm this suspicion we now consider the holographic dictionary entry
relating OPE blocks and bulk fields integrated over geodesics that was established in [I32], and find that

partial OPE blocks are dual to bulk fields integrated over individual minimal or non-minimal geodesics.

2.4.1 Duality between OPE blocks and geodesic integrals of bulk fields

In [132] it was noted that a bulk scalar field integrated over a geodesic of AdSs satisfies the same
differential equation on kinematic space as a scalar OPE blockﬂ By verifying that the two quantities
also obeyed the same initial conditions a holographic dictionary entry was established for pure AdSs:
OPE blocks are dual to integrals of bulk local fields along geodesics. The derivation of this dictionary
entry relies heavily on the fact that both pure AdSs and its kinematic space dS;xdSy are homogeneous
spaces with the same isometry group. This allowed the authors to derive a kinematic space equation of
motion for the integrated field by relating the action of the isometries on the field and on the geodesics.
In contrast, the conical defect spacetimes are not homogeneous spaces. The defect traces out a worldline
that is not invariant under boosts. Nevertheless, progress can be made on extending the dictionary entry
to the conical defect case by working on the covering space. For continuity, we will review the essential

points of the derivation of the dictionary entry in pure AdSs. Full details can be found in [132].

Consider a massive scalar field @ 445(x) on AdSs integrated over a boundary anchored geodesic I' in

9See also [157, [158] for an independent development of the connection between geodesic operators and OPE blocks.
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a constant time slice of the geometry,

Rlpaas)(I') = /FdS padas(). (2.69)

This “X-ray” transform of ¢ a45(2) is naturally viewed as a field on kinematic space because it is a

function of geodesics, i.e. points in kinematic Spacem

Let g be an isometry of AdSs. The scalar field is invariant under the isometry but its argument
is shifted, ¢y 5(¥) = @aas(¢~" - ). Integrating the shifted field over a geodesic I' is equivalent to
integrating the original field over a shifted geodesic g-I", noting that all isometries of AdSs map geodesics

into geodesics. In terms of the X-ray transform this is expressed as

Rlg14s)(T) = /

ds paas(g™ - ) = / ds aas(z) = Rlpaas)(g - T). (2.70)
Iy g

A shift in the argument of p445(2) can be compensated by a shift in the argument of R(T).

When g is an element of the isometry group near the identity, the action of g on the field is described

by the group generators
Phas(@) = (1 - WABL‘ZB)SDAdS(x), (2.71)

where L% is an isometry generator of AdS written with embedding space indices, and w*? is the
antisymmetric matrix parameterizing the isometry. In a similar way, the action of g on the X-ray

transform is
Rlpaas)(g-T) = (1 +w*P LY g)Rlpaas] (), (2.72)

where LY 5 is an isometry generator on the kinematic space of geodesics. Applying eqs. (2.71]) and (2.72)
to eq. (2.70) produces the remarkable intertwining relation of isometry generators

LY pR[paas)(T) = —R[L% ppaas)(T). (2.73)

Applying the same relation twice produces quadratic Casimirs (2.32), in their respective representations
of the isometry group;
C3 Rlpaas](T) = R[C5 paas («)](T). (2.74)

The subsequent step of the derivation relies crucially on the properties of homogeneous spaces, as
noted in [I32]. For homogeneous spaces the Casimir operator of the isometry group is identified with
the scalar Laplacian[MT] This was demonstrated for AdS; in eq. and for dS;xdS, in eq. (2.51)).
On the right side of eq. the Casimir acts on a scalar AdS field so the Casimir is in the bulk
scalar representation —[J445. On the left side the Casimir acts on a function of geodesics so it is in the
kinematic space representation —2(Cys + (gs). Using the equation of motion for the bulk field and the
definition leads to an equation of motion for the X-ray transform as a scalar field on kinematic

10When the integration is performed over an extremal surface in a higher dimensional theory this is known as a Radon
transform, used first in a holographic context in [159].

11 A homogeneous space can be written as the coset space of its isometry group quotiented by the stabilizer subgroup
of a point. The Casimir of the isometry group is the scalar Laplacian for the group’s Cartan-Killing metric. The same
Laplacian is inherited by the coset space when the Casimir acts on functions that are constant on orbits of the stabilizer
group. Note that a point in kinematic space is an AdS geodesic, so the stabiliser subgroup of a geodesic in AdS should be
used in the quotient.
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space
2(0as + EdS)R[SDAdS](F) = R[Oaas0a4s)(T) = R[mQSDAdS](F) = m2R[SDAdS](F)~ (2.75)

This shows that free bulk scalars integrated over boundary anchored geodesics are free scalar fields
propagating on kinematic space. This is the same equation satisfied by the OPE block (2.52)) of a spin
zero quasi-primary of dimension given by —A(A — 2) = m?. The X-ray transform and OPE block also

satisfy the same initial conditions on a Cauchy slice which establishes that they are dual quantities [132].

Conical defect case. Now let us analyze the conical defect case, again restricting to the quotients
AdS3/Zy. The fact that conical defects are not homogeneous spaces precludes the possibility of running
through the previous argument directly. However, it is possible to use the intertwining relations obtained
in the pure case and only then perform the Zy quotient with an appropriate prescription for the X-ray
transform over conical defect fields.

Consider a massive bulk scalar field pcp on AdSs/Zy, and similarly @445 on pure AdSs, each
described by the action

S = —%/d?’m\/—ig ((09)* +m?p?) . (2.76)

The Klein-Gordon equation in global coordinates, eq. (2.7)) for pure AdS, and eq. (2.13) for the defect,

1S

1 1 1
Op = —————0; o3 d,(cosh psinh p 9,p) = m?¢p. 2.77
4 cosh? p 19 sinh? p oP + cosh psinh p p(eosh psinh p pp) = m7ep (2.77)

For ¢ 449 the angular coordinate is ¢ € (0, 27), while for ¢ p, ¢ should be replaced by ¢ € (0,27 /N).
In either case the solutions are obtained through separation of variables [I53]. For example, in the

AdS case solutions are @ aq4s(t, p, ¢) = €'Y} (¢)R(p), with the circular harmonics
Yi(¢) =", Yi(¢+2mn) =Yi(¢), Ln €L (2.78)

Similarly, wop(t, p, @) = €Y, (¢)R(p). The circular harmonic here is 27/N periodic,

- e - 9 -
Ta@ =, ¥ (64 58 <T@, mnez (2.79)
Therefore the pop modes are a subset of the ¢ 445 modes with I = Nm. They are Zy symmetric @ aqs
modes that are solutions of the conical defect Klein-Gordon equation in each Zy wedge of the covering
space, reflecting the quotient structure of the defect. Appropriately symmetrized modes of AdS will be
denoted ¢z(¢); any ¢cp can be obtained by restricting some ¢y to a single Zy wedge.

The X-ray transform for the conical defect can then be defined as usual

Rlpcpl(y) = / ds pcp (). (2.80)
¥
However, this transform acts in a non-homogeneous space and may not share the same invertibility

properties as its counterpart eq. (2.69)). It is preferable to lift pop and v to the covering space where

Rleen)) = [

ds pop (i) = /F ds ¢a(x) = Rlpa](T). (2.81)
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(a)

Figure 2.8: (a) A conical defect field integrated over a geodesic « is the same as (b) a symmetrized AdSs
field integrated over one of the preimages of v under the Zy quotient. Identifying the edges of any wedge
gives the conical defect of (a).

Instead of integrating pcp over a geodesic v in the conical defect spacetime, the corresponding sym-
metrized AdS field ¢z can be integrated over one of the preimages I" of v under the Zx quotient, see
Figure 2.8 This prescription works for all boundary anchored 7, minimal or non-minimal, since all
conical defect geodesics descend from geodesics I' on AdS.

Note that in going from ~ to I', and pcp to ¢z in eq. there is the freedom to choose one
of several identical wedges. The choice of wedge will lead to different coordinate values for ¢z (¢)
and I'(«, ). This is analogous to the ambiguities encountered throughout this chapter in choosing a
fundamental region. For consistency with the previous choice of a vertical strip of kinematic space, see
Figure 23] let T’ be the preimage of v with the smallest centre angle which will always be in the range
6 € (0,27 /N).

By working with the right side of eq. , the properties of homogeneous spaces can be used to
find an intertwining relation for the equations of motion. Once again, let g be an infinitesimal isometry

of AdS3. The intertwining relation eq. for homogeneous spaces applies as before,
LypRlpz)(T) = —R[LY ppz](T), (2.82)
and leads to the intertwined Casimirs
C3 Rlpz](T) = RI[CS oz (2))(T). (2.83)

On the right side the Casimir of AdS isometries becomes the AdS Laplacian which produces the mass

eigenvalue. On the left side the Casimir is in the kinematic space representation —2(0gs + gs) so that
2(0as + Das) Rlpz)(T) = m?Rlpz)(T). (2.84)

On both sides eq. (2.81]) can be used to find the equation of motion for geodesic integrated fields on the

conical defect
2(0as/z + ‘de/Z)R[SOCD]('Y) = m’Rlecp)(7)- (2.85)

The notation Ugg/z is to remind that this operator now acts on the subspace of dSz obtained by
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restricting to @ € (0,27/N) with periodic boundary conditions. This is the same behaviour that the
symmetrized field exhibits under the quotient, namely Oagsva4s(z) = Oopwep(Z) within any single

wedge.

One might worry that the above argument leading to eq. could break down when g is a
boost isometry of AdS under which the conical defect is not invariant. Under the action of a boost,
the field ¢z(g~! - 2) may no longer be symmetrized around the origin, but the conical defect no longer
sits statically at the origin (see [154] for a relevant discussion). The moving defect is still locally AdS,
and can be obtained directly from the covering AdSs spacetime through an identification along an AdS
Killing vector. The identification is no longer a simple angular identification, but shifts time as well
as angle. These identifications are given explicitly in [I60} 142 [I61] for example. The moving conical
defect solutions can be viewed as global coordinate transformations of the static case, and do not exhibit
any different physics compared to stationary ones. On an appropriately boosted timeslice through the
moving conical defect spacetime, the transformed field ¢, (%) can be obtained from ¢ (z) using the

identification that produces the spacetime itself.

The equation of motion for geodesic integrated fields on the conical defect, eq. , after taking
the equal time limit is the same as the Casimir equation for the base OPE block Bj,. The OPE block By,
represents the contribution to the @i@j OPE from the conformal family of the quasi-primary Oy. From
the bulk this contribution is obtained by integrating ¢, the dual of O, over all geodesics connecting the
boundary insertion points of O; and @j. This is the well known geodesic approximation which has been
used to compute correlation functions [142} [154] [162], and geodesic Witten diagrams [I126]. Non-minimal
geodesics provide a finite number of sub-leading corrections to the minimal geodesic contribution, but

can become significant in some regimes.

The connection between bulk and boundary can be made more detailed through the use of kinematic
space. Consider the case where v is a minimal geodesic. The X-ray transform R[pcp](Ymin) Over a
minimal (&, 6), is restricted to & € (0,7/2N), 6 € (0,27/N) with periodicity in the  coordinate. The
appropriate wave equation (2.85) on the ¢ = 0 timeslice is

2 2

. 2 ~ _ -~
4sin” & ( 902 + Y

) Rlecoln) =m*Rigcol(0) (2.56)
Comparing with eq. suggests that the By ,, block with m = 0 is dual to R[pcp](Ymin) and
represents the contribution to the base OPE from a single class of geodesics, the minimal ones. The
duality between By o and R[¢cp](Ymin) is established by showing that these quantities satisfy the same
initial conditions. The & = 0 Cauchy slice of kinematic space is obtained by taking the coincidence limit
of the OPE block, and in the bulk by integrating over a small geodesic that stays near the boundary.
These limits are unchanged from the pure AdS case and have been discussed previously [126] 132 [146].
In the coincidence limit only the quasi-primary Oy on the cover, and not its descendants, contributes to
the partial OPE block

lim By o(a, ) = lim 202+ O(6), (2.87)

while in the conical defect spacetime the behaviour of the dual scalar field near the AdS boundary is

given by the extrapolate dictionary

Jim pop(t=0,p,6) = p~* Ok(9), (2.88)
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(a) (b) (c)

Figure 2.9: (a) Oriented geodesics away from the defect are continuous in length and shape as their
opening angle is increased. (b) Geodesics with the same endpoints but different orientation cannot be
smoothly transformed into one another across the defect. (c) As the opening angle of the blue geodesic
increases it reaches the dashed geodesic. The red geodesic also reaches the dashed geodesic as its opening
angle decreases, showing continuous behaviour even as the winding number jumps.

so that integrating over a small geodesic localized at g{) =9 gives

0 2
lim Rlpcp](ymin(@, 6)) = lim [(Ax/2)"

I RAL 126|2+ O (6). (2.89)

Hence, the initial conditions on kinematic space provide the relative normalization between the dual

quantities,

L(Ax/2)?

Rlpe] (Yain (@, 6)) = 2T (Ay)

B.o(ar, 0). (2.90)

In general, the By, block represents the contribution to the base OPE from the dual field pcp
integrated over geodesics with winding number n, where m and n are related by table or .
For the non-minimal cases with n > 1, the geodesics do not stay near the boundary, preventing the use
of eq. . However, the transition between winding numbers is smooth. Away from the defect it is
clear that there is no discontinuity in the length or shape of oriented geodesics as & is increased, even as
the winding number jumps, see Figure This means the X-ray transform R[pcp](7) is a continuous
and smooth function of the bulk geodesics on the @ < /2 region of kinematic space. Similarly, the
partial OPE blocks B, ,,, blocks defined in eq. are continuous in & across transitions in the winding
number. This is simply because the OPE behaves smoothly as the operator insertions are moved, and

it remains convergent for all separations [9].

There is a potential obstacle to the continuity of R[pcp|(y) at & = 7/2 where geodesics touch the
defect. Geodesics in AdS; with & = 7/2 pass through the origin and behave smoothly as & is varied,
but the corresponding geodesics on the defect spacetime must jump as they pinch in on the defect. As
depicted in Figure m geodesics with constant center angle 0 jump as @ is increased past 7/2 and are
not homologous across the jump. Despite this, the length and shape of such geodesics varies smoothly
which suggests the X-ray transform of oo p will be smooth as well. That this must be the case is easiest
to see by using the lifted X-ray transform . There is no discontinuity whatsoever in the transform

of lifted geodesics as « is increased past m/2.
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(a) (b)

Figure 2.10: Geodesics in AdS; with o = 7/2 pass through the origin, and descend to geodesics which
touch the conical defect. On AdS3, the behaviour of such geodesics is completely smooth as « is varied,
but on the defect spacetime the endpoints may jump as (a) o = 7/2 — € increases to (b) o = 7/2 + €
with 6 held constant. This will be the case when N is not an odd integer. Despite this, the length and
shape of such geodesics varies smoothly.

One can avoid this obstacle entirely by considering an alternative Cauchy slice on the upper half of
kinematic space, namely & = 7, which also corresponds to near-boundary geodesics and the coincidence
limit for the OPE. By the same argument made for & = 0, the X-ray transform R[pcp](7y) over a minimal
geodesic with & € ((1 — 1/2N)m, 7) obeys the same initial conditions as the corresponding partial OPE
block, and both are continuous functions on the & > /2 half of kinematic space.

Since the initial conditions in the & — 0, 7 limits match between By, ,, and Rlpcp](7), the equations
of motion and along with continuity in & establish the duality between OPE blocks and
geodesic operators for static conical defects. The base OPE receives contributions from each bulk
geodesic, minimal and non-minimal, connecting the boundary insertion points. Each partial OPE block
encapsulates the contribution to the base OPE from the dual bulk field integrated over a single geodesic

of fixed winding number.

2.4.2 Future directions

The various approaches to kinematic space used in this chapter were adapted to constant time slices of the
bulk geometry, equivalently the equal-time limit of the OPE. In each case it was seen that the kinematic
space for a quotient spacetime was a quotient of the pure AdS3 kinematic space. The full four dimensional
geometry of kinematic space describing the time dependent bulk [132] should also be obtainable using this
quotient. There will be a new ambiguity, in addition to the choice of fundamental regions discussed in this
chapter, from the possibility of rotating in time the faces of AdSs which are identified, see for example
Figure 1 from [I61]. On neighbouring constant time slices of the AdS3 geometry the wedge representing
the conical defect spacetime can have a relative shift in its angular coordinate. The kinematic spaces
for subsequent time slices would be vertical strips of dSs with different ranges of centre angle 6. Since
the twisted and untwisted identifications of AdS3 produce physically identical conical defect spacetimes,
this extra ambiguity can be resolved by making a canonical prescription for an appropriate fundamental
region of kinematic space. A complete description of this ambiguity is left for future work.

The conical defect CFT results in this chapter were derived in the special case dual to AdS3/Zy,

since there is a particularly simple description of this system in terms of a covering CFT in its vacuum
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state. It is not surprising that the CF'T descriptions of the integer and non-integer cases are significantly
different when the holographic consequences are kept in mind. The integer defect spacetimes in the bulk
have a mild orbifold singularity that does not obstruct the construction of a consistent string theory on
this background [163 152, 164HE|

Furthermore, this chapter was mainly concerned with static conical defects. These are part of a more
general class of moving defects which are produced either by boosting the static solution, or by taking
a quotient of AdSs3 along a Killing vector with a timelike component [160] [142] 161, [154]. It would be
interesting to perform this quotient on the AdS3 kinematic space to obtain the kinematic space of a
moving defect. Then, using the relation between OPE blocks and geodesic bulk fields it may be possible
to use the method of images to relate back to results on the geodesic approximation for correlation
functions in those spacetimes.

The partial OPE blocks discussed in this chapter reorganize the operator contributions to the base
OPE as compared to the traditional OPE blocks. While a clean CFT interpretation of the operator
grouping in terms of conformal families is not obvious from this perspective, we gain a bulk interpretation
in terms of the contributions of geodesics with different winding numbers. It would be enlightening to
understand better the CFT operator contributions that are represented by partial OPE blocks, and we
return to this question in the following chapter. One potential avenue to explore is the superficially
similar construction used in [I65]. Our partial OPE blocks were constructed by first un-gauging a
discrete symmetry in going to the covering space description. Gauge invariance is restored by considering
symmetrized sums of cover operators under the action of the Z symmetry. The authors of [I65] studied
conformal blocks which give the contribution of a conformal family to a four-point function. The blocks
were approximated by considering only the contribution from light descendants at the cost of modular
invariance for the four-point function. Modular invariance was restored by summing over images of the
approximate block under the action of modular generators. It may be that these two constructions
are related on a deeper level. The sum over descendants composing an OPE block evinces that they
are non-local operators in the CFT. As such, OPE blocks Bj(z1,x2) have a smeared representation
where the quasi-primary Oy they are built from is integrated over a causal diamond defined by the
insertion points x1,xo [I32, [I46]. It was suggested in [I32] that for conical defects the OPE blocks
corresponding to winding geodesics should have a smeared representation over diamonds which wrap all
the way around the CFT cylinder (See Figure 20 of [132]). Indeed, our cover OPE blocks have a smeared
representation over causal diamonds on the covering CFT cylinder, and so partial OPE blocks can be
viewed as symmetrized sums over smeared operators on the cover . For the block By, o representing
minimal geodesics, the causal diamonds on the cover are each contained within one Zy portion of the
cylinder and do not overlap. For blocks representing winding geodesics, the causal diamonds extend
over multiple Zy portions and can overlap with each other (cf. Figure . Imposing the Zy angular
identification on any one of these large causal diamonds produces a diamond which wraps around the
cylinder of the base CFT and can overlap on itself. It would be interesting to know if the CFT avatar
of entwinement [102] [T03] can be cast in terms of partial OPE blocks and wrapping diamonds, and how
the bulk can be probed in a more fine-grained fashion using these objects.

Other locally AdS3 geometries and their kinematic spaces have been studied from the bulk and using
the differential entropy definition [166, (1506 [145] 140], but differences in definitions for kinematic space

have led to inconsistent results. For instance, the geometries for the kinematic space of the BTZ black

12We thank Oleg Lunin for comments on this point.
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holes described in [T40] include geodesics of both orientations, while [I45] and [166] do not. Furthermore,
the authors of [145] chose to include only minimal geodesics in their definition of kinematic space, in
contrast to the choice we have made here. In this chapter we have advocated for defining kinematic
space from the CFT in terms of OPE blocks, rather than from pairs of points, and have isolated the
important contributions of non-minimal geodesics. In the next chapter we will study the newly defined

partial OPE blocks in several of the geometries mentioned here.



Chapter 3

Holographic relations for OPE

blocks in excited states

This chapter is based on the paper [120] published in JHEP.

3.1 Introduction

Since its initial formulation, the AdS/CFT correspondence has opened up many new avenues for studying
gravity [I]. It provides a dictionary that can translate unfamiliar gravitational physics into familiar field
theory, and vice versa. One of its most powerful aspects is the ability to encode the spatial organization
of the bulk as a relationship between the degrees of freedom in the CFT. A particularly useful way
of analyzing the geometry of spacetime is through examining the structure of geodesics and extremal
surfaces. This has a long history in the AdS/CFT context, and an important new theme was begun
with the work of [45]. Their results in AdS3 showed that the entanglement entropy of a CFTy interval
is dual to the length of a bulk geodesic anchored at the interval’s endpoints.

The connection between entanglement and geometry [I1] has become of fundamental interest, and
has been expanded to many other aspects of quantum information. These include the emergence of
gravitational equations of motion from CFT entanglement entropies [IT1], bulk gauge freedom inter-
preted as boundary quantum error correcting codes [63] [65] [64], the volume of Einstein-Rosen bridges
as complexity [84], and the entanglement wedge cross section as CFT entanglement of purification [71].

A useful auxiliary space termed kinematic space has been introduced describing the structure of
geodesics while also geometrizing entanglement entropy [I31) 132, 146]. Each boundary anchored
geodesic, or equivalently each pair of boundary points, is viewed as a single point in kinematic space.
One of the major developments discovered through this construction was the holographic dual of a bulk
field integrated over a boundary anchored geodesic, namely the OPE block of the corresponding dual
operator in the CFT. This is closely related to the duality between conformal blocks in the CFT and
geodesic Witten diagrams in the bulk [126] 125]. The properties of OPE blocks themselves have been
studied further for defect CFTs [127] [128] and using modular flow [I67].

While these works on kinematic space were thorough, they mainly focused on pure AdS. Followup
papers [168], [145] [140] 147, 119, [169] [[70] have worked towards extending kinematic space and the OPE

block duality to more general AdS spacetimes. We will continue this line of inquiry for AdS3, where all

49
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vacuum solutions to the Einstein equation with negative cosmological constant are locally AdSs and can
be obtained as quotients. The immediate challenge is that there is no longer a unique geodesic through
the bulk between any pair of boundary endpoints. A natural question is to ask how the CFT dual of a
geodesic integrated bulk field changes. We will argue that in states dual to quotient geometries, OPE
blocks decompose into contributions which are invariant under the quotient action. Each contribution is

dual to a bulk field integrated over a single geodesic which may wind around the quotient’s fixed points.

Our arguments are based on the monodromy of maps between pure AdSs and the quotient geometries.
In the bulk the monodromy is responsible for the appearance of non-minimal geodesics, and on the
boundary it induces non-analyticities in the OPE blocks. We resolve the latter issue by constructing
quotient invariant OPE blocks, and interpret them in terms of winding geodesics. We often utilize
the group manifold description of AdS3 and its quotients, in which the structure of geodesics is made
clear, and their lengths are easily computable. Throughout, we work with the Euclidean and Lorentzian

versions of the construction in parallel to emphasize their differences.

In Section [3:2) we review the duality between OPE blocks and geodesic integrated bulk fields. Then
we introduce the quotient spacetimes of interest and find explicit maps between them and pure AdSs.
In Section we use these maps to study the structure of geodesics in the quotient geometries and
determine their lengths. In Section [3.4] we construct quotient invariant OPE blocks, highlighting their
relationship to winding geodesics. In Section[3.5we conclude with a summary and discussion of remaining

open questions.

3.2 Preliminaries

3.2.1 OPE blocks and kinematic space

In a 2d CFT, the OPE allows us to expand the product of two quasiprimary operators in terms of a basis
of local operators at a single location. The OPE can be organized by the contributions from conformal
families in the theory, each consisting of a quasiprimary Oy, and its descendants. Considering two scalar

operators with the same conformal weight A, conformal symmetry dictates that

Oi(@)0;(0) = > Ciji |22+ 72 (14 by 290,y + b 227 0,0, + ... ) O(0) (3.1)
k

with some theory dependent constants Cjjx, and theory independent constants b;. Since much of this
structure is fixed by symmetry, it is convenient to define an OPE block sz (xi, ;) associated to each

quasiprimary Of that repackages the contribution of a conformal family,

Oi(@)Oj(x)) = 252 Y CiwB (i, ;) - (3.2)
k

Kinematic space has been defined as the space of pairs of CF'T points, or equivalently as the space of
boundary anchored geodesics in pure AdS [I32] [146]. Since OPE blocks are functions of two boundary
points they are fields on kinematic space, and this suggests that they are related to the geodesics of
the bulk dual. Indeed, it was shown that for pure AdS the dual of a scalar OPE block is a bulk field
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integrated over a boundary anchored geodesic,

BY (zi, 7)) ~ / ds éu(z). (3.3)
Vi
where ~y;; is the geodesic with endpoints (x;,z;) and ¢y, is the scalar field dual to Oy.

The duality between the OPE blocks and geodesic integrated fields was established by showing that
both objects behave as fields on kinematic space with the same equation of motion, and the same bound-
ary conditions. Each OPE block built from a scalar quasiprimary Oy, is in an irreducible representation
of the conformal group and satisfies an eigenvalue equation under the action of a quadratic conformal

Casimir L?, with the eigenvalue induced from Oy,
(L%, BY (x4, 7;)] = —AR(Ag — 2)BY (x4, 7;) - (3.4)

By expressing the Casimir operator in the differential representation appropriate for B,ij , this becomes

a Laplacian on the dS; x dSs kinematic space,

20as, + Oasy|BY (i, 25) = —Ar(Ag — 2)BY (24, 25) . (3.5)

On the other hand, the bulk scalar field ¢ (z) dual to Oy satisfies a wave equation on AdS3, with
its mass related to Ay by the holographic dictionary,

DAdSSQbk(IIJ) = m2¢k(x) = Ak(Ak — 2)¢k($) . (36)

Then, the remarkable intertwining property of isometry generators determines the equation of motion
for the geodesic integrated field [132]

/

The conclusion is that the geodesic integrated field obeys the same kinematic space wave equation (3.5]
as the OPE block,

ds DAngd’k(I’) = 72[Dd52 + idSQ}/ ds ¢k($) . (37)

ij Yij

2[0gs, + ‘de2]/

Yij

ds ¢r(z) = —Ap(Ag — 2)/ ds ¢r(z). (3.8)
Yij

Rounding out the proof requires showing both quantities satisfy the same constraints and the same
boundary conditions, which determine the relative normalization omitted in .

For pure AdS there is a one-to-one correspondence between pairs of spacelike separated boundary
points and geodesics in the bulk. This makes it simple to identify both the space of pairs of boundary
points, and the space of bulk geodesics as the same kinematic space. But for spacetimes that are locally
AdSs3, the existence of non-minimal geodesics in the bulk obfuscates this prescription. In such cases it
is not a priori clear in what sense the duality holds.

This question was addressed for the case of conical defect spacetimes in Chapter [2f (see [119]). Static
conical defects are locally AdS3 geometries obtained from AdS3 by a Zy quotient in the angular direction,
leaving a 27 /N periodic gzNS coordinate. This coordinate parametrizes the one dimensional boundary of a

timeslice on which the OPE can be studied. The exact CFT states dual to the conical defect geometries
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will depend on the system under scrutiny, but in general they can be viewed as the CFT vacuum
excited by a heavy operator that sources the defect in the bulk [142] [I71], [172]. In the presence of other
operators the OPE does not have an infinite radius of convergence, and it becomes more difficult to study
the properties of the OPE blocks directly. Instead, in Chapter [2| the excited CFT states were lifted to
vacuum states of a covering space CFT on an N-times longer circle parametrized by ¢ [102]. This
process can be seen as removing the discrete Zy symmetry of the base CFT states; only appropriately

symmetrized quantities on the cover descend to observables on the base [103].

With this construction, the OPE blocks in the base and cover CFTs can be related. Individual
OPE blocks on the cover By (¢1, ¢2) are not Zx symmetric, but can be combined into gauge invariant
observables dubbed partial OPE blocks,

1 = 27 9
B (tm, 0) = N\2 — 2cos(2a,, )| 4* Z exp <ZN5’9> Br(am, 0) . (3.9)
b=0

Here, the cover OPE blocks are written in terms of the half opening angle o = (¢1 — ¢2)/2 and centre
angle 0 = (¢1 + ¢2)/2. The angular distance o between operators is taken to be fixed at «,, while the
rotations generated by 0/0¢ implement the symmetrization. The full OPE blocks in the base theory B,

receive contributions from partial OPE blocks at all allowed angular separations «,, on the cover

N-1

1 2rm 9
B.(a,0) = ¥ > exp (H;VT”%) By (am, 0) (3.10)

m=0

where 0/0¢; generates changes in separation.

Finally, it was shown that the partial OPE blocks individually satisfy duality relations like as
fields integrated over minimal or non-minimal geodesics in the conical defect spacetime. The angular
separation o, of the block B, is related to the winding number of the geodesic in f'Ym ds ¢y. Hence,
the new observables By, ,,, allow us to obtain more fine-grained information about the bulk spacetime that
reaches beyond the entanglement shadow limiting minimal geodesics and Ryu-Takayanagi entanglement

entropy.

Our approach in this chapter will be similar, but can more readily be applied to the broad class of
AdS3 quotient geometries. We will argue that the base OPE blocks for states dual to these geometries
can be obtained through the coordinate maps we develop as a sum over partial OPE blocks. The partial
blocks are constructed to be invariant under the quotient action. We propose that a partial block is dual
to a bulk field integrated over an individual geodesic, which can be minimal or not, as specified by the
monodromy under the map. To avoid branch cuts in the full OPE blocks, we identify them as a sum
over partial OPE blocks.

While the bulk interpretation of the partial blocks is clear, they give the contribution to the OPE
from individual geodesics or saddlepoints of the path length action [I42], our new method also affords
a better understanding of the CFT interpretation. Each partial block gives a contribution to the OPE
as distinguished by the monodromy around the excited state’s heavy operator insertion. To reach these
results, we must first develop exact mappings between AdSs and the quotient geometries that can be

used to transform the OPE blocks. We proceed with the Euclidean and Lorentzian cases in turn.
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3.2.2 AdS; quotients
Euclidean AdS

One construction of AdSs is through the R3! embedding space. We start with the metric ds? =
dX¢ +dX? + dX3 — dX3, with AdS; defined as the surface X? = X2 + X7 + X3 — X7 = —(2. There
are a number of different parametrizations of this hyperboloid which give different patches of AdS. We
focus on the Poincaré patch, which only covers part of the hyperboloid. To get the Poincaré metric, we

implement the coordinates

1 2 2 2 2
onﬁ(u — 0+ 7 +17)
Xl - f {
u
" (3.11)
Xo=10—-
u
1
X3 = %(u2+€2+x2+t2),
which leads to 2
ds* = ﬁ(dtQ + da? + du?) . (3.12)

Here, ¢ is the AdS radius. We can do a further coordinate transformation by setting w = z+it, w = x—it,

which gives us the metric
2

l _
ds? = el (dw dw + du?) . (3.13)

Boundary anchored geodesics, and especially their lengths, will be very important for understanding
the OPE block duality. In Poincaré coordinates, the geodesic distance d along the embedding surface

between two points P; and P obeys

d P - P 1
cosho =1 22 — ((t1 —t2)® + (21 — 22)” + ui +u3)
Y4 62 2U1U2
: (3.14)
= e (w1 — wo) (w01 — Wa) + uf +uj) .

In the limit where both points approach the boundary, such that u;,us — 0 with their ratio held fixed,

u1/ug — 1, this becomes

d
cosh Z =1+ (w1 - ’LUQ)(’II)l - 'II)Q) . (315)

2U1U2

The length of a boundary anchored geodesic can then be approximated by

(w1 — wa)(wy — wz)) .

U1u2

d =~ { log ( (3.16)

We can also construct Poincaré AdS; as a group manifold [I38]. This is done by considering each
point g in Euclidean AdSs as an element of SL(2,C)/SU(2) where, in the embedding coordinates,

(3.17)

[ X3+ Xo Xi+iXo
g X, —iXes X3—Xo |
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For the Euclidean Poincaré embedding we have,

g ( u+wo/u fw/u ) . (3.18)

0D /u 2 /u

The metric on AdSs (3.13)) is then given by the Cartan-Killing metric ds®> = 1Tr(g~*dgg~'dg) which
has the correct isometry group for Poincaré AdSs, SL(2,C)/Zy [I73]. Other locally AdSs solutions are
constructed as quotients by a subgroup of the isometry group. The subgroups we study in this chapter

are conjugacy classes generated by the elliptic, parabolic, and hyperbolic elements of the form

e~y 0 1 « eB/2 0
hent = < 0 oY ) ) hpara = ( 0 1 ) y hhyp@T = ( 0 676/2 ; (319)

where 0 < v < 1, a € C, and 8 € R. In each case, elements related by conjugation, g ~ hghf, are
identified to obtain the quotient manifold.

Each type of element produces a different locally AdSs solution. Identification using the elliptic
element will give the conical defect, abbreviated ‘CD’, with deficit angle 27(1 — ). Accounting for the
Zo quotient of the isometry group, the subgroup generated by an elliptic element is the cyclic group
Zn, where we take N = 1/ € N. The other two elements lead to infinite discrete groups. A quotient
using the parabolic element with o = 27 yields the massless BTZ black hole, which we abbreviate as
‘OM’. The hyperbolic element with § = 27v/M gives the static BTZ black hole with mass M, which
we abbreviate as ‘BTZ’. In summary, the three types of quotient lead to identifications on the Poincaré

patch as follows,

CD:  (w,u) ~ (e~ 2™/ Nw,u), (3.20)
OM:  (w,u) ~ (w+2ml,u), (3.21)
BTZ: (w,u) ~ (ezm/ﬂw, eQﬂmu). (3.22)

The N — oo limit of the CD metric and the M — 0 limit of the BTZ metric both produce the 0M
metric, but the respective conjugacy classes by which elements are identified are not related in
this way. Some differences between these limits have been noted in [I74]. For these reasons we treat the
OM solution as a distinct case throughout.

Other locally AdS3 solutions can be obtained using quotients by more complicated subgroups, such
as a rotating BTZ black hole using a combination of elliptic and hyperbolic identifications, but we focus
on the three archetypal examples above.

Finally, one may wonder if we can consider conical defects where N > 1 but not an integer. Con-
sidering the rational case of ¥ = m/n, we find that the subgroup generated by this is Z,,, which is not
distinguishable from the integer case. For non-rational v things are worse, as the subgroup generated
is no longer finite and the identification one gets is ambiguous. In addition, the validity of non-integer

conical defects is suspect in string theory [172] [I75], so we will not consider them further.

Lorentzian AdS

The Lorentzian case presents a challenge in our approach because the boundary cannot be described by

a single complex coordinate. Still, one direct way of approaching Lorentzian AdS using our knowledge
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of the Euclidean case is to compare them on a timeslice. The ¢t = 0 slice in embedding coordinates is

1

Xo= %(u2 — —|—:1:2)
X, =02
u (3.23)
Xo=0
1
X3 = ﬁ(u2 +Z2—|—x2) .
This now satisfies the Lorentzian constraint equation X? = X2 + X7 — X2 — X2 = —¢? as well as the
Euclidean one, allowing for direct comparison between signatures. On the timeslice the metric is
2 (dx? + du?®
ds® = w ’ (3.24)
u
which transforms to the upper half plane (UHP) using s = z + iu, § = = — iu
—40%dsds
ds® = ———. 3.25
T s—9)2 (8.25)

The upper half plane inherits a PSL(2,R) isometry group from the full SL(2,R) x SL(2,R)/Z2 of

Lorentzian AdSs when restricted to the timeslice. Again, we can describe a point g in the timeslice

Xs+Xo X1—X
g:< 320 A 2). (3.26)

using
X1+ X2 X3-Xo
Then in the group manifold description a point on the UHP is

2 ‘8‘2 s+s

2

The action of a PSL(2,R) isometry group element

b
(a ) ad—be=1, (3.28)
c d

will transform the UHP coordinate as
. as+b

cs+d’

(3.29)

The PSL(2,R) isometry group also has three different types of elements that define conjugacy classes.

The elliptic, parabolic, and hyperbolic elements are now given by

cosf —sinf 1 « eb/? 0
he = 5 h ara — 5 h wyper — 5 3.30
" ( sinf  cos6 ) P ( 0 1 > hup < 0 e=h/2 > ( )

where 0 < 0 < 2w, @ € R, and 8 € R. Note that there are differences from the SL(2,C)/Zs cases we
had previously. In particular, the parabolic element involves a real value and the structure of the elliptic
element is different. Once again, locally AdSs spacetimes are obtained as a quotient of PSL(2,R) by

subgroups. For the two BTZ cases, the identifications are exactly the same as before with a = 27 and
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B8 =2mvM,

OM: (x,u) ~ (x + 27l, u), (3.31)
BTZ: (z,u) ~ (e%mx, 62”mu). (3.32)

However, the identification in the elliptic case is significantly more complicated. We take § = w/N with

N € N to reproduce the conical defect geometry, and find the identifications

Pz cos(2m/N) + &(u® + 2% — ) sin(27/N)

CD: x ~ 3.33
T P cos?(n/N) + Lrsin(2n/N) + (a2 + 22) sin2(x/N) (3:33)
Py
U ~ - —5 . (3.34)
02 cos?(m/N) + Lz sin(27 /N) + (u? + 22) sin” (7 /N)
It is simpler in this case to use the complex s coordinate, s = x + iu, which is identified as
CD: s ~ Ec.os(ﬂ'/N)s — %sin(7/N) (3.35)
sin(n/N)s + £ cos(w/N)

3.2.3 AdS; maps and metrics
Euclidean AdS

We will be making use of powerful maps that relate pure AdSs to other locally AdS3 geometries [176 [177].
We begin by considering a general AdSs solution, written as

L L _ Ty _dy?
2 _ 42 2 2
We can see that for L = L = 0 this is the usual Poincaré metric of pure AdS3;. More generally, we have

the relationship

T(z) = %L(z), (3.37)

where T'(z) is the holomorphic stress tensor and ¢ = 3¢/2G is the usual central charge given by the
Brown-Henneaux formula [49]. The analogous relation holds for the anti-holomorphic stress tensor. For

what follows, we will set £ = 1.

The transformation of the stress tensor can be exploited to find maps between AdS3 and the quotients.
We consider starting with the usual Poincaré metric (3.13) and implementing the asymptotic relationship

w = f(z). The stress tensor transforms as

2
T(z) = (ff;) T(w) + 1%{ £(2), 2}, (3.38)

where {f(z),z} is the Schwarzian derivative. Since T'(w) = 0 for pure AdS, in the general spacetime

we have
L(z) = {f(2), 2} (3.39)

From the CFT point of view, this allows us to get to any background we wish by identifying f(z).
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Suppose we have the state i) which is excited by an operator with weight h,,. Since

(AT = 2% (3.40)

we can find the asymptotic map f(z) relating this background to the flat background by solving the

differential equation
h c
= =@, (3.41)

22

In turn, the asymptotic map f(z) can be extended into the bulk using [177]

) WTERIG)
FEFE PO

e WRERE)

IO TEre e ore )
AP ()

CTYIPRPE + PR

which gives the full map between (3.13)) and (3.36). In addition, if there is a map w = f(z) that

asymptotically implements the transformation, then for any constants a1, as, as, a more general solution

to (3.41) is

arf(z)
T+ azf(z) 349

which comes from SL(2,C) invariance. These maps will give the same metric regardless of the a;
parameters but the corresponding coordinate transformations will differ. For simplicity we take a; = 1,

a2:a3:0.

With this in place, we would like to work out the maps (3.42)) for our AdS; quotients. The three

cases we study correspond in the CFT to states excited by operators with weights

c 1
hw—m@‘m>v
- ° (3.44)
hOM 2 )
C
heTz = ﬂ(l + M).

In the case of the conical defect, we can see the weight is that of the twist operator and these maps have
been looked at before in other contexts [I78, [I79]. The OM case is the N — oo or M — 0 limit of the
other two. Furthermore, these weights are all non-negative for N > 1 and M > 0, as they should be in
a unitary CFT.

These three cases lead to three differential equations (3.41]). One can try to solve them using normal

methods, or alternatively, one can surmise the form of f(z) from invariance under the identifications

(3.20]), (3.21)), (3.22)) found from the group manifold approach. These identifications suggest the asymp-
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totic maps
fop(z) =27V, (3.45)
fom(z) = —ilog(2), (3.46)
ferz(2) = exp (—i\/ﬂlog z) , (3.47)

which reproduce the expected weights. As can be seen from the form of the conjugacy classes (3.19)),
the N — co and M — 0 limits produce the identity map, rather than the appropriate OM map, further

emphasizing its distinct character.

Each asymptotic map can be extended into the bulk using (3.42)), which for the conical defect yields
the full coordinate transformations
2T UN((N? = 1)y? + AN?22)
WD T TN F1)%2 + 4NZ2z)
S—1/N (N2 _ 1)9,2 2,5
Bep = z ((N?—-1)y —|—4]\C 2%) ’ (3.48)
((N 4+ 1)%y2 + 4N222)
4Ny (zz)N-D/2N
((N4+1)%y? +4N2zz)

ucp =

Similarly, for massless BTZ we have the full coordinate transformations

2y% + (y* +422)log 2
o y2 +4zz
_ 292 + (y? +4z22)log z
oM =1 y2 +4zz
_ gz
Y242z

WoMm = )

(3.49)

)
Uom

Finally, for massive BTZ the full coordinate transformations are

((1- iV M)?y? + 42%) exp ( — iv/ M log z)
(1+ M)y2 + 42z ’
(1+ i/ M)%*y? + 42%) exp (i\/]\?log z)
(1+ M)y? +4zz ’
4y/M 2% exp (—“/QM log(§)>
(1+M)y?+4zz

wpTZ =

WBTZ = (3.50)

UBTZ =

Applying these transformations to pure AdSs yields metrics of the form (3.36)), with L and L determined
by (3.44) through (3.39) and (3.41)),

dzdz +dy®> 1 1.d22 1 1 . dz? 1 1.2 ¢ B
dsdp = — 0 (1) — — (I ) — + — (1= dzd
“ep V2 1) 1) o+ ) s
dzdz +dy?> 1dz? 1dz2 1 2 ~
dsty = — 00— Y g 3.51
“oum 2 122 42 16 (222 (3:51)

dzdz +dy?> (1+M)dz* (1+M)dz?> (1+M)? o2 _
2 — _ _ -
dsgry = 7 1 2 1 2 + 16 (22)2dzdz,
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which confirms that the asymptotic maps in (3.45))-(3.47) produce the expected metrics when extended
into the bulk. We finish by noting that although the massless BTZ metric can be obtained as a simple
limit N — oo or M — 0 of the conical defect or BTZ metrics respectively, the coordinate transformations

are not related in this way.

Lorentzian AdS

The above maps do not generalize straightforwardly to the timeslice. However, we can again use the
knowledge that the maps should respect the identifications (3.31)), (3.32)), and (3.35]) to determine

1427 UN
Scp = 21—27*1/1\7 ) (3.52)
som = —tlog(z), (3.53)
SBTZ = €XDp (—imlog Z) . (354)

We note that these are full maps on the UHP, not asymptotic ones. The latter two are similar to the
asymptotic maps we had before, as the identification on the timeslice is unaffected. The map for the
conical defect has a similar piece, but needs to be changed to reflect the change in the elliptic element. In
the following, it will be easiest to write the single complex coordinate z, which we will call the quotient

coordinate for all three cases, as z = re*’.

In the original z,u coordinates, the map for the conical defect looks like

2r= /N sin(0/N)

TOD = T 2/N _9p—1/N cos(d/N)’ (3.55)
1—r 2N .
UCD = T —2/N _gp—1/N cos(d/N) "
For massless BTZ it takes the form
Tom =0,
o (3.56)
UuoM = — 10g7“ .
Finally for massive BTZ it looks like
TBTZ = VMo cos(VMlogr),
(3.57)

UBTZ = VMY sin(v M logr) .

In the first two cases the boundary u = 0 is when = 1 in the new coordinates, but for massive BTZ we

have two boundaries, r = 1 and r = exp (—\/Lﬁ) The identification also produces a horizon at x = 0 in

the Poincaré coordinates which interpolates between the boundaries [I80]. Furthermore, to have u > 0,

we need r > 1 for CD, r < 1 for OM, and exp <f\/LM) < r <1 for BTZ. Transforming the metric with
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these maps produces

ds?. = 4r2/ (dr? + r2dh?) (3.58)
DT N2p2(r2/N —1)2 ’ )
1
2 2 4 2902
dsiy = Tlog(r)? (dre +r=df”), (3.59)
M

(dr? +r2d6?) . (3.60)

dSQBTZ = )
r2sin“(v M logr)

We see that the limits N — oo and M — 0 reproduce the OM metric, while taking N — 1 or inserting
M = —1 gives back pure AdSs.
Finally, for the CF'T analysis, we are interested in the asymptotic maps which are now easily obtained

from the full ones

2N
ToM — 9, (362)
apry = VMO (3.63)

ron cot< b > , (3.61)

Note that the sign in the BTZ case will depend on which boundary one considers. We can interpolate
between the two boundaries by analytic continuation, 8 — 6 + z\/LM [162]. Further, if we interpret 6 to
be the complex angle of z = re’, the monodromy z = z¢*™ will implement the identifications (3.35)),
(3.31]), and 7 similarly to the Euclidean case.

3.3 Bulk analysis of geodesic structure

3.3.1 Euclidean analysis

In this section we use the maps between Poincaré AdSs and the quotient geometries to study the resulting
structure of geodesics via the group manifold approach. The non-analyticities in the maps allow us to
distinguish geodesics with different winding numbers.

Since the geometries are all locally AdS3, the properties of their geodesics are closely related
to those of pure AdSs. More concretely, the lengths of quotient geodesics are given by lengths of AdSs
geodesics whose endpoints are related by the quotient action. We calculate them using the method
outlined in [I8I]. We consider points p, ¢ in the group manifold of AdS;3 as in equation . The
length of the geodesic between these points found in is then rewritten as

LUaT))

5 (3.64)

d(p,q) = cosh™* <
The boundary is represented by singular matrices p, ¢, up to a divergent factor, and the geodesic distance
between them diverges. We regulate by considering curves p(p), g(p) which approach the boundary as
p — 00, and which have the property that lim, ... p(p)/p = pa, and similarly ¢s, are finite and non-zero.
Then in the boundary limit the geodesic length goes to

d(ps, qo) = log p* + log(Tr(RLpj R q9)) + O(1), (3.65)
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where R, = ((1) _01 ). The correction term indicates that any rescaling of p can give a different finite
contribution. In our quotient coordinates, we choose p = 1/¢ where the boundary is cut off at y = e.
The radial coordinate is different for each of the different quotient geometries, so the different regulators
are labelled.

This approach affords a very clear understanding of non-minimal geodesic lengths. We quotient the
AdS3 group manifold by the discrete group generated by one element from (3.19). The length of the
geodesic connecting the boundary points ps and hgah' is still given by (3.65)),

d(pa, hgah') = log p* + log(Tr(RLp) RT hqoh')) + O(1) (3.66)

but in the quotient spacetime gs and hqgah' are identified. Typically d(ps,qs) # d(ps, hgah'). We now

show that non-minimal geodesics can also be identified from monodromies in the asymptotic maps.

We now parametrize the points in the quotient manifold by mapping the embedding coordinates for
Poincaré, equation (3.11]), to our quotient coordinates (z, z,y). Using (3.17)) to find the group elements
yields

1
¥((N —1)%y*+4N?zz N? -1 4N?
e G (G A= ) (Ve aen) ) o)
4Ny Z-N((N* = 1)y? + 4N?z2%) (N +1)%y? +4N?2z
OM: 1 2y%(2 + log(22)) + (y? + 422) log zlog z  —i(2y? + (y* + 422) log 2) (3.68)
Cdyy/zz i(2y% + (y* +422) log 2) y? 442z ’ .
»—(1=iVM)/25—(1+iVM)/2
BTZ: 3.69
Wiy (3.69)
y 2 VMM (N 4 1)y2 +422) 2 VM ((1 — ivV/M)2y? + 422)
ZVM (1 4 i/M)%y? + 423) (M +1)y% 4 42z ’

One can check that conjugation by the elliptic, parabolic, or hyperbolic generators corresponds to taking
2z — ze%™ for the respective points. To consider boundary points we take the limit described above

resulting in

o Ve ( ()% =% ) (3.70)
€CD ZTN 1
OM: VzZ logzlogé —ilog z 7 (3.71)
€oM ilogz 1
S(+iVM) /2 5(1—ivVM)/2 ,—iVMzivM - —iVM
BTZ: i . (3.72)
vV Mepty, zivM 1

Now we can pick two points, say z; and z2, and compute the geodesic length using equation ((3.65)),

9, L 1 1 1 N -1
dop = log {N (2 — 2] )z — zg)} + 5 log 171207 — 2log e, (3.73)
1
dom = log [(log z1 — log 29)(log 21 — log Z2)] + 3 log z1Z129Z2 — 2log e, (3.74)
) ) ) ) 1—ivM
dprz = log [M_l(zim — z%m)(%m — Zim)} + + log 21212222 — 2log epTy, - (3.75)
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Like for the metrics, but unlike for the transformations, the OM geodesic distance is correctly obtained
by taking either N — oo or M — 0. Since conjugation by a quotient generator takes z — ze?™, and
with reference to (3.66)), we also obtain winding geodesic lengths from these formulae. This demonstrates

how non-analyticities in the asymptotic maps give rise to winding geodesics in the defect geometries.

3.3.2 Lorentzian analysis

We can proceed similarly using our maps (3.55)), (3.56), and ([3.57)) on the embedding coordinates (3.23)

to find the matrix representations of points in the various quotients as

sin(v' M logr) \ cos(vMlogr) e~ VMO

1 1 —2/N 2 —1/N 0 ) —1/N i (6.
CD: 1_ ,—2/N i 71J/FN 7". 0 o (N) 72/7AN SljllSJi/V) 0 ’ (3.76)
1—7r 2r sin (&) 147 —2r cos (%)

1 0% +logr? 0

oM: - ( +logr ) : (3.77)
log r 0 1

1 VM6 /Ml
BTZ: - ( c cos( 0g7) . (3.78)

Again, conjugation by the appropriate quotient generator takes § — 6 + 2w. For boundary points we
take the limit r — 1 = ¢ — 0 in the conical defect case, and 1 — r = ¢ — 0 in the massless and massive
BT7Z cases. This is due to the difference in domains of r, as described in Sec. Taking these limits

gives the points

L 200 0
D 2N sin (W) cot? (%LN) cot (ﬁ) , (3.79)
€CD cot (3%) 1
1 6% 0
0M: — , (3.80)
€oM 0 1
e— VMO e2VMo VM6
BTZ: —_— (3.81)
vV MEBTZ eme 1
We can pick two points on the boundary circle, §; and 6o, to find the geodesic lengths from ([3.65)),
2 .. 2 91 - 92
dcp = log |[4N“sin” [ ———= | | — 2logecp, (3.82)
2N
dOM = 10g[(61 — 92)2] -2 IOg €OM (383)
4 0, — 6
dpTz = log [M sinh? (\/M ! 5 2)} — 2logepTy . (3.84)

Again, we see a nice smooth limit between the N — 0o and M — 0 limits for the massless BTZ geodesic

lengths even though their maps and their embedding coordinates do not have a smooth limit.

In the BTZ expression above we took both points to be on the same boundary » = 1. Points on the

T

r = exp| \/M] boundary are parametrized as

BTZ: (3.85)

/MgBTZ VM6 1

—e

e— VMO (ezme e\/ﬁo>
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where we have a different regulator, exp[\/%]r —1 = éprz — 0. For two points on the r = exp[—ﬁ]
boundary the distance formula is unchanged, but for horizon crossing geodesics between the two bound-
aries the lengths are

4 6, —0
dBTZ, crossing = 10g [M cosh® (V M122)] —log epTzéBTZ - (3.86)

Note that this is related to the single sided geodesic length with 8 — 6 + “1:/1
Once again, in view of (3.66) and the fact that quotient generators take 8 — 6 4 27 we find that
non-analyticities in the maps between pure AdSs and the quotient geometries distinguish boundary

anchored geodesics of different windings.

3.4 CFT analysis of OPE blocks

3.4.1 Euclidean analysis

In this section we argue that the non-analyticities in the asymptotic maps between pure AdSs and the
quotient geometries which distinguish winding geodesics also distinguish quotient invariant contributions
to OPE blocks. The terms in the OPE block decomposition are in correspondence with the winding
geodesics, which suggests a dual relationship.

We start by mapping vacuum OPE blocks to a non-trivial background using the asymptotic maps

from our bulk analysis. Consider a transformation z — x’ where

Q(z') = det (aajf) . (3.87)

An OPE block B of scalar operators will in general transform as [132)

BY(rx)) = (gg;

J

Aij /2
) By (), 2}), (3.88)

where A;; = A; — A . For simplicity, we will set A;; = 0. Now we apply equations (3.45[13.47) for the

CD, OM, and BTZ cases respectively which naively gives the transformation
B,ij(zi,éi,zjjj) = B,ij(wi,wi,wj,ﬁ)j) . (389)

However, we immediately see a problem. All of these maps have a branch cut as we take z — ze2™,
whereas the OPE block should be a single-valued observable. If we wish to remove branch cuts from the
OPE block, we should instead consider

.. .. 27ip; 27ip; 2mip; 2mwip .,
CD: B (z,%i,2, %) = Z B} (wie™ N e N ,wjie” - ,wje ~ ), (3.90)
PisPj
OM: B]ij(zi,fi72j,,§j) = Z sz(wz+27rpz,wz+27rpl,wj +27ij,’wj +27ij), (391)
DPisPj
BTZ: B;ij(zi, Zi, %4, zj) — Z B’ij (wie27r10i\/ﬁ7 wi627rpim’ wje27rpj \/M’ ,wje27rpj \/M) ' (3.92)

PisPj
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These are sums over pre-images of points identified under the maps. Alternatively, these sums can
be argued for from the quotient identifications on pure AdSs in equations , , and
respectively as they are invariant under the boundary action of the quotient. This method of images has
been used frequently for describing quotient invariant observables [142] 152, [153].

We now relate these images to geodesics. Fixing one of the points in the vacuum OPE block and
taking images of the other point defines a sequence of different geodesics in the pure AdSs bulk. Under
the quotient these all map to geodesics with the same endpoints, but differing by their winding. For
conical defects we found in Chapter [2] that fields integrated on each of these winding geodesics have a
dual description, the partial OPE block, summarized in equation . Similarly, we can reorganize
the sums above, decomposing the full OPE blocks into distinct contributions labelled by m,

. ij _ _ _ ij _ 2mim 2wim —2mim 2mwim
CD: B (z,%,25,%) = g Bk’m(wie N we N Jwje” N wie N ), (3.93)
m
OM: B/ (zi, %, 2,%;) = g By, (wi + 2mm, w; + 2mm, w; + 2mm, w; + 2mm) (3.94)
m
BTZ: B} (zi, %, z2j,%;) = E B;jm(wie%””v M eV M Ly e2mmVM gy e2mmV MYy (3.95)
m
where
.. .. 2mi(m—>b) —27wi(m—b) 27ib 27ib
) ij - - ij — - —
CD: Bk’m(whwi’wj,wj) = E B (wie” N weT N wje” N ,wje N ), (3.96)
b

OM: B, (wi, i, wy,m5) = Y B (w; + 2m(b — m), w; + 2m(b — m), w; + 27b, w; + 2mb),  (3.97)

b
BTYZ : BZ]’m (wy, Wi, wy, W;) = Z B’ij (wie%r\/ﬁ(bfm)’ wie%r\/ﬁ(bfm), wj627r\/ﬁb’ wje27r\/ﬁb) . (3.98)
b

Each of the new quantities szj ., 18 invariant under the appropriate quotient action on both coordinates
z;; sending z — 2e2™ meaning they are valid observables in the quotient coordinates. This has been
expressed before in terms of invariance under the CFTs discrete gauge symmetry that is induced by the
quotient [103} 119].

Our suggestion is that each partial OPE block B,?;m(wh w;, w;,w;) is dual to the bulk field integrated
over a geodesic with winding related to the label m. By construction, each partial OPE block depends
on pairs of boundary points at a fixed separation determined by m. This can be seen from the geodesic
distance formulae, equations , by acting with the quotient generator b times on point 21, and
b+ m times on point 29, as dictated by equations (3.96H3.98)) and equations (3.93H3.95):

dop(m,b) =log [N2 (2 — 2 emmi/N) (s — 5 ¢=2mmi/)| (3.99)
+ 2;] log 21212025 — 2log ecp,
dopr(m, b) =log[(log z1 — log zo — 2mmi)(log z1 — log Zo + 27mi)] (3.100)

1
+ 3 log 21212922 — 2log €gm,

dBTZ<m7 b) =log [M_l(zim . Z%\/Me%r\/ﬂm)(zé\/ﬁ - Eime—%r\/ﬂm)} (3_101)

1—ivM
4L Y

5 log 21212925 — 2logepTyz.
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In each case we find that all dependence on the b-sum index drops out. This means that each vacuum
OPE block entering B,Zj m (Wi, Wi, wj, w;) defines an AdS3 geodesic, all of which have the same length and
become identified under the quotient. Hence, each Blkj m (Wi, Wi, wj, w;) picks out a unique geodesic in the
dual quotient geometry, with winding specified by m. Blocks with different m are related by repeated
action of the quotient generator on only one of the boundary points in the same way that geodesics with
different windings are related, as seen in and the results of Section

The new quantities BZJ m are each defined as a sum over vacuum OPE blocks which are known to be
convergent inside correlation functions [9, [I0], but any required normalization has been neglected above.
For the conical defect , the sum is finite and can be normalized as

N-1
1 i 2mi(m=b) _  —2mi(m=b) _2mib  _ 2mib

N Bl (wie™ N e N wie N wge ). (3.102)
b=0

. tj 7 7)) —
CD: Bkm(wi,wi,wj,wj) =

The b-sum ensures that B;CJ . 15 quotient invariant, but does not alter the overall contribution to the
OPE. This follows since the N terms in the sum each give equivalent contributions due to conformal
symmetry, or from bulk considerations due to the equality of geodesic distances discussed in the previous
paragraph.

For the massless and massive BTZ cases, the b-sums are infinite making the normalization appear
ambiguous and bringing the convergence of the sum into question. However, we know that the OPE
itself is convergent in CFTs, and our B,ZCJ . represents only a partial contribution to the full OPE. Again,
although an infinite number of images are included to ensure invariance under the quotient, each image

represents an equivalent contribution by symmetry. We can normalize the operators using a formal limit

N
. iy W (. _ 7. _ ) 7 -

OM: By, = lim o bz_ BY (w;i + 2m(b — m), w; + 27 (b — m), w; + 27b, w; + 27b), (3.103)

BTZ : B Z B]lgj (wieZTr\/M(b—m)’ wieQﬂ'\/ﬁ(b—m)7 wjeQﬂ'\/Mb’ u’;je%\/Mb). (3104)

ko = L 2N +1 &

In contrast, the full OPE blocks in equations are not sums over equivalent contributions.
By convention we can arrange for the m = 0 block to correspond to the minimal operator separation,
and hence the minimal bulk geodesic. All other m # 0 blocks are subleading since they represent
operators at greater separation in the vacuum where there are no complications from the presence of
other operators. The fall off with distance can be seen explicitly in the smeared representation for
vacuum OPE blocks [132]. The conical defect sum is finite and can be normalized as in , whereas
for the BTZ cases, we see from and that the operators become infinitely separated for
large |m/|, and their contribution becomes negligible. This is the mechanism by which similar applications
of the method of images for conical defects and BTZ spacetimes produce finite correlators from infinite
sums [182] [142] [183].

3.4.2 Lorentzian analysis

The Lorentzian case is slightly different because the boundary is not parametrized by a complex co-
ordinate. Still, we can rely on invariance under the quotient action to guide us. OPE blocks in the
quotient coordinate 6 transform to vacuum OPE blocks using eq. (3.88) with the asymptotic maps
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(3-61)-(3.63). For simplicity, we will specialize to A; = A;. Once again, these maps are not invariant
under § — 0 + 27 meaning there is an ambiguity in the transformation of the naive defect OPE blocks.

To define single-valued OPE blocks we sum over images, ensuring consistency with the v — 0 boundary
limits of (3.31)-(3.33). We then have the following transformations for OPE blocks

CD: BU(6,,0;) = Z B <cos(pi7r/N):ci —sin(p;w/N) cos(p;n/N)x; — sin(pyr/N)) (3.105)

~ b\ sin(psym/N)x; + cos(pim/N)’ sin(p;m/N)z; + cos(pjm/N)
OM: B?(Giﬁj) = Z B,icj(a;i + 27p;, x; + 27p;) , (3.106)
Pi;Pj
BTZ: B (0;,0;) = > By (w;e?™VM g e2mpiV/) (3.107)
PisPj

For the BTZ case we have written the single sided OPE block above. The OPE block relating operators

on different boundaries is related by the analytic continuation of one of the 8 coordinates,

BTZ, crossing: By (0; +im/V'M,0;) = Z B,ij(fxiezﬂpim x; e%plm) . (3.108)
PiPj
This matches nicely with the analytic continuation found both in the coordinate transformations (3.63])
and in the geodesic lengths (3.86).

As before we can reorganize the sums, writing them as a decomposition into quotient invariant partial
OPE blocks

i cos(mm/N)z; —sin(mn/N) cos(mn/N)z; — sin(mn/N)
CD: B/(6:,6;) ZB <sm (mm/N)z; + cos(mm/N)’ sin(mn /N)z; + cos(mw/N)) (3.109)

OM: B} (0;,6;) = Z By (i + 2mm, x; + 2mm) (3.110)
BTZ: BY(6;,0;) ZB 12TV M g 2V (3.111)
BTZ, crossing: B} (0; +iw/VM,0;) = Z B,’jm( e2mmVM 27rm\ﬁ) (3.112)

where
CD: Bij m (@i, xj) (3.113)

—Z B (cos m)w/N)z; —sin((b — m)m/N) co (b?T/N)l‘j—Sin(bﬂ'/N)>
sin((b — m)m/N)x; + cos((b — m)w/N)’ sin(bw/N)z; + cos(br/N) )’

OM: B, (zi,a;) = Z By (i + 27 (b — m), z; + 27b), (3.114)

BTZ: By, (zi,1;) ZB” 2 b=V g 2mbVAT) (3.115)

For the BTZ partial OPE blocks, the above equations encompass both signs of the x coordinates allowed
in (3:63).
The partial OPE blocks B,ij m(Zi, x;) give the contribution to the full OPE block from image operators

at a fixed separation in «, indicated by the label m. Each vacuum OPE block included in the sum gives

an identical contribution, as is apparent by the conformal symmetry of the vacuum state, but the sum is
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necessary for manifest invariance under the quotient. This can be compared with the geodesic distance

formulae, equations (3.82H3.84) and (3.86)). Acting with the quotient generator b times on point 67, and

b+ m times on point #- gives

[ 01— 0y —2
dcp (b, m) = log |4N? sin? (:L;NWn)} —2log ecp, (3.116)
donr (b, m) =log [(81 — 02 + 2wm)?| — 2log egnr, (3.117)
[ 4 01— 0y —2
dpTz(b,m) = log i sinh? (\/ Mﬂ)} — 2logepTyz, (3.118)
4 0, — 6y —2
dBTZ,Crossing(b7 m) = log M COSh2 ( M1227T7n):| - log eBngBTZ (3119)

In every case the dependence on b drops out, showing a precise matching between the behaviour of
geodesics and the structure of BZJ m (i, x;). Since each term gives an equivalent contribution, the partial
OPE blocks can be normalized in the same way as described in Section [3.4.1

Each B,? m (i, x;) block is invariant when the quotient acts on both z; j, while blocks with different
m are related by repeated action on only one of z; ;. Winding or crossing geodesics of different lengths
are related by the repeated quotient action on one endpoint, and each is invariant under the action on
both endpoints. Hence, we also interpret the sz;m(fﬁ“xj) as giving the contribution to the full OPE
block from the dual bulk field integrated over a single geodesic, which may be minimal, winding, or

horizon crossing as appropriate.

3.5 Discussion

In this chapter we have explored generalizing the holographic duality between OPE blocks and geodesic
integrated fields to non-trivial locally AdSs3 spacetimes, both in the Euclidean case and for the Poincaré
disk of Lorentzian AdS3. Such spacetimes can be described as quotients of AdSs by discrete subgroups
of the isometry group. We found that the transformations between AdS3 and its quotients involve non-
analyticities which lead to branch cuts in OPE blocks for the dual excited CFT states. We proposed
that the branch cuts should be removed by summing over image points of the quotient action, while
also noting a natural decomposition of the OPE blocks into quotient invariant contributions. These
contributions, partial OPE blocks, are observables in and of themselves, carrying more fine-grained
information than the full OPE block. We explained how this decomposition arises from the coordinate
transformations, and offered a dual interpretation of the partial OPE blocks as bulk fields integrated
over individual winding or crossing geodesics.

On the bulk side we presented coordinate transformations between pure AdSsz and the conical defect,
the massless BTZ black hole, and massive BTZ geometries. These maps incorporate the corresponding
quotient identifications, which are expressed as a monodromy of the complex coordinate describing the
defect spacetime. The identifications map sets of boundary anchored geodesics between distinct pairs of
points in pure AdS3 to geodesics with identical endpoints in the new spacetime, differentiated by their
winding around the defect. We showed how the lengths of these geodesics transform emphasizing the
relation to monodromy.

In the CFT we showed that branch cuts appear in OPE blocks after the transformation from pure
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AdS;3 to the quotient spacetime. Removing these branch cuts by summing over images led to a new
quotient invariant quantity, the partial OPE block. This process can also be seen as requiring the OPE
blocks to be invariant under a discrete gauge symmetry induced by the quotient. The various partial
OPE blocks are related by applying the quotient generator to one of the insertion points. The same
action distinguishes geodesics with different winding. In view of the duality known for pure AdSs, we
conjecture that partial OPE blocks are dual to fields integrated over the individual geodesics in the bulk
which can be minimal, non-minimal, or even horizon crossing.

In the case of the conical defect, the discrete quotient group is finite and therefore isomorphic to Z .
However, for both BTZ cases, the group is infinite and the interpretation of how the orbifold CFT is
properly defined is less clear. The idea of orbifolding by these infinite discrete groups is not new [184],
but our interpretation of how these discrete gauge symmetries affect the OPE blocks and their dual is.
We have not proven explicitly that the partial OPE blocks are dual to fields integrated over the minimal
or non-minimal geodesics, as this would require a greater understanding of the intertwining relation for
the Radon transform in non-pure AdS; [132].

Differences arise between the Euclidean and Lorenztian descriptions for the obvious reason: the mon-
odromy of the z coordinate only exists if z is complex. In Euclidean signature the boundary is naturally
described by a complex coordinate and the monodromy affecting OPE blocks is easily understood. In
Lorentzian signature we restricted our considerations to the upper half plane description of the Poincaré
disk to accord with this. In the full Lorentzian case, it is difficult to see how we could reduce the action
of the quotient into the monodromy of a complex coordinate as it is unclear what the correct combina-
tion of coordinates would be. In addition, for Lorentzian AdSs there are no geodesics between timelike
separated boundary points, whereas OPE blocks for timelike separated insertions remain well-defined.
It would be interesting to understand the duality in these cases, and also to find maps analogous to
those displayed here for coordinate systems other than Poincaré, in both the Euclidean and Lorentzian
cases.

There is a superficial similarity of our discussions about the monodromy of OPE blocks with other
works that have considered monodromies. Some papers, such as [185] [I86), [I87], focus on correlators with
large numbers of light operators in the background of two heavy insertions. Monodromy is used to relate
the possible OPE channels of the overall correlator. Other papers, such as [I57, [I65], use monodromy
as a way to pick out different channels of four point functions by switching heavy OPE exchanges with
lighter ones. There are two main differences in what we have discussed. First, we are considering a
single OPE block, not the full OPE, so the exchanged operators are fixed. All the works mentioned
above involve multiple operators, which can fuse in different channels. In contrast the OPE block is a
single operator; there is no notion of different fusion channels. Second, we implement sums to conform
to the discrete gauge symmetry that is present on the base but not on the cover, which differs from the

above works.



Chapter 4

Interlude

In the remainder of this thesis we will shift our focus towards quantum information theory in general, not
specifically with a focus on its applications to quantum gravity. We will study the dynamical properties
of several measures of quantum information, all of which have been applied in holography but have
been more widely used in nearly every branch of quantum physics. We seek to provide analysis for
aspects of dynamics in as much generality as possible, so as to leave applications to QFT or holography
available, but without discounting the more traditional quantum mechanical uses. Because of the shift
in motivation, in this chapter we briefly recount the primary objective of quantum information theory,

the quantification of entanglement. Many in-depth reviews of this topic are available elsewhere [14] [I88].

4.1 Entanglement in quantum information theory

Entanglement is not an observable in quantum theory, but simply a property of a state together with
a partition of the theory’s Hilbert space. For our purposes it will be sufficient to consider bipartite
entanglement, where the Hilbert space H of the system under consideration is divided into two parts,
H =Has®Hp. A pure state of the theory |¢) is separable if it can be written as a product of states on the
subsystems, [1)) = |1 4)® |1 ). This type of state exhibits no correlations, quantum or classical, between
measurements performed on the two subsystems, and hence has no entanglement. If a state cannot be
written as a product in any basis, then it is entangled. This definition of entanglement is not practical
however, since for any given separable state it may be inconvenient to find a basis that expresses the

product nature. Instead we can introduce a measure of entanglement such as the entanglement entropy

S(pa) = —tra(palogpa), pa=trp(|)(¥]), (4.1)

which is zero for all pure separable states, and positive definite for all entangled states. Instead of
searching for a satisfactory basis, one can compute S(p4) in any basis to determine if a state is entangled

or not.

For large enough systems, it can still be challenging to compute log p4, since this typically requires a

diagonalization of p4. It can be easier to work in a preferred basis which diagonalizes both subsystems,

69
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usually known as the Schmidt basis,
lv) = Z VAilia) ® lig) . (4.2)

Such a decomposition always exists for pure states, with orthonormal subsystem bases |i4) and |ig), and
positive real Schmidt coefficients \; such that ), A; = 1 for normalized states. One benefit is that the
entanglement entropy can be computed simply as S(pa) = — >, Ailog\; = S(pg). Clearly, separable
states have only one non-zero Schmidt coefficient. The number of non-zero coefficients is called the
Schmidt rank, and is itself a rudimentary test for entanglement. We also note that S(p4) is maximized
when all )\; are equal, meaning that the reduced density matrix p4 is proportional to the identity.

Quantum correlations can only be established in a bipartite system by interacting the two subsystems
together. In particular, local unitary operations which act only on one subsystem cannot change the
entanglement entropy; from an operation like Uy ® I with U, unitary only rotates the |i4) basis,
but does not affect the \; or S(pa). More generally, entanglement entropy cannot be increased by
any local quantum operation E4 ® Ip (LO) or by classical communication (CC) between the parties
controlling subsystems A and B. This singles out LOCC as a useful set of protocol for ordering states
according to their amount of entanglement; a state p is more entangled than o if p — o can be achieved
with LOCC, but ¢ — p cannot. The partial ordering helps to define entanglement as a resource
for performing operational tasks, such as quantum teleportation, quantum cryptography, or quantum
computation, since states with greater entanglement allow these tasks to be performed better or to a
greater extent. These observations will allow us to define what is meant by an entanglement measure,
but first there is one additional confounding factor to consider.

When the exact state of the system is unknown, there being some probabilities p; for the system to
be in a number of different states |1);), it is best described by a density matrix p = )", p; [¢;)(¢;|. Such
a state is no longer pure, but mixed, and will exhibit classical correlations in addition to any quantum
correlations. Quantities like the entanglement entropy are sensitive to these correlations as well. A state
like p = 3", pi Vi) (¥i 4 @ |Pi)(¢i] 5 is a mixture of product states, each with no entanglement, yet the
overall state has an entropy from the classical distribution, S = —3", p;logp;. This already suggests
that entanglement entropy has undesirable traits for a mixed state entanglement measure. Even more

generally, we could have a mixture of products of mixed states
p=> pips ® Py, (4.3)
i

which still has no entanglement, but even larger subsystem entropies. Such states are the most general
class of separable states. States which cannot be written in this way are entangled.

With these complications in mind, we can define a number of properties which an entanglement
measure E(p) should obey. First, E(p) should be a positive function on the space of density matrices,
and achieve its lower bound of zero if p is separable. In addition, E(p) should be non-increasing under
LOCqﬂ Other desirable properties include (sub)additivity, which requires that E(p) for a composite
system is (less than or) equal to the sum of the entanglement in the subsystems, and convexity which

means that E(p) is a convex function of the density operator. Some classic examples of entanglement

1Some authors use the term entanglement monotone for E(p) with these properties, referring to monotonicity under
LOCC, and insist that entanglement measures for mixed states must reduce to the entanglement entropy for pure states
[14].
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measures include the distillable entanglement [I89], and entanglement of formation [190]. Notably,
entanglement entropy fails to satisfy (Sotrg)(p) = 0 for mixed separable states, but due to its simplicity
for pure states it is still commonly used.

Two measures in particular will be the focus of our next chapters. First is actually a family of
measures introduced briefly before in , the quantum Rényi entropies [191],

1
Sa(pa) = 7 —_logtrapl, (4.4)

—

defined for integer values a > 1. These constitute an extension of the entanglement entropy, which is
obtained as the limit lim,_,1 So(pa). In general, S, is decreasing in « [51]. Individually, they are each
positive when acting on density matrices, zero if and only if p is overall pure and separable, invariant
under local unitaries, non-increasing under LOCC, and for pure states are symmetric So(pa) = Sa(pB)-

The primary reason to prefer Rényi entropies over entanglement entropy alone is that information
about the entanglement properties of a state cannot be completely characterized by a single number
S(pa). The different measures we have already mentioned are complementary, each having a distinct
operational meaning. For instance, two states can have the same entanglement entropy, but if one has
less than maximal Schmidt rank, while the other has full Schmidt rank, then only for the latter will the
entanglement allow us to express an operation on one subsystem as a related operation on the other
subsystem as in [27]. This statement can be viewed as a quantum mechanical version of the
cyclicity property discussed in the context of the Reeh-Schlieder theorem [13]. For the Rényi entropies,
having information about each S,(p4) is equivalent to knowing the full eigenvalue distribution of pa,
the A; in the Schmidt decomposition for pure state&ﬂ This constitutes much more information
than S(pa) alone provides. For pure states, the Schmidt coefficients are the local-unitarily invariant
quantities of the state that completely describe its entanglement properties, and the Rényi entropies
determine them.

The second measure that we will consider is the entanglement negativity, a measure whose origins can
roughly be traced to 1996, with Peres’ Positive Partial Transpose (PPT) condition [192]: if a bipartite
state is separable, the transpose taken with respect to either subsystem is positive. The PPT condition,
stronger and more efficient than entropic criteria based on the Rényi entropies [193], was shown by the
Horodeckis to be sufficient for the separability of 2 ® 2 and 2 ® 3 systems [194]. We summarize this as

follows:

Theorem (Peres-Horodecki Criterion). Let Tg (p) == p'® = (I T) p be the partial transposition map
with respect to system B. Then p is separable = p'® > 0. Furthermore, if (da,dg) € {(2,2),(2,3)},
then p™® >0 = p is separable.

It is easy to demonstrate the first implication. For a separable state (4.3)), the partial transpose acts

as
ple = piply ® ()" (4.5)

Now, the transpose map is positive, and in fact acting on each reduced density matrix pi; preserves
its eigenvalues, meaning each (pi3)T is still positive semidefinite, and hence p’® is as well. In general,
transposition is a positive map, but not completely positive, which means the composition we have called

partial transposition Ts = I ® T is not always positive. For a general state p, if p”2 is found to have

2If the dimensionality d4 of H 4 is finite, then only d4 — 1 Rényi entropies are sufficient to determine the spectrum.



CHAPTER 4. INTERLUDE 72

negative eigenvalues then by the above argument p cannot be separable. However, for systems larger
than 2 ® 3, there exist states which are entangled, yet have p’ > 0 so that the partial transposition
test is inconclusive. States of this type are said to be bound entangled.

From the Peres-Horodecki Criterion emerges the negativity, A/, of p [195] [196], which encodes the

degree to which the partial transpose of p is negative. Negativity is defined as

N(p) =[x ("), (4.6)

A<0

where the \’s are the eigenvalues of p”2. It is worth noting that p’® = (p?)T so that the choice of
transposing B rather than A is not significant. Negativity is a positive function on density matrices,
zero for all separable states, monotonic under LOCC, and convex but it is not additive [I97]. Although
there exist entangled states for which A vanishes (it is not a faithful measure), negativity has an
important advantage over other measures in that it is easily computable, even for mixed states [198].
For some purposes it is useful to define the logarithmic negativity, En (p) == logy [2N (p) + 1], which
is monotonic and additive but not convex [197]. Relationships between the logarithmic negativity,
distillable entanglement, entanglement cost, and teleportation capacity have been demonstrated in the
literature [196], 199].

In the following chapters we will study the evolution of Rényi entropies and negativity perturbatively
to shed light on how entanglement can be generated in dynamical systems. Our goal is to keep the
analysis as broadly applicable as possible. For the Rényi entropies, we refrain from specifying any
particular Hamitonian to generate the dynamics, instead looking at a general class of initial states to
extract universal behaviour. For negativity, no restriction on the type of dynamics is required. Our
main outcomes are mathematical tools for handling derivatives with respect to constrained matrices, in
particular the Hermitian density matrices, which allows us to write analytical expressions for the time

derivatives of negativity.



Chapter 5

Universal timescale for Rényi

entropies

This chapter is based on the paper [121|] published in Phys. Rev. A.

5.1 Introduction

Composite quantum systems exhibit correlations among subsystems which cannot be explained in terms
of classical probabilities. For pure states, these quantum correlations are known as entanglement. In
this chapter, we study how entanglement is generated by the mutual interactions among subsystems as
the overall state evolves in time.

The time evolution of entanglement has become a focus in a variety of research fields. Its early
study in quantum optical systems [200], [201] has bloomed into a major area of research in many-body
and condensed-matter systems [18| [19] [202] 203 204], and conformal field theories dual to theories of
quantum gravity [T}, [45] [46]. For some classes of systems, general features have been found, including
scaling laws [208] [206] and generic linear growth [207, 208] 209] 210].

The growth of entanglement is especially important in experimental systems where entanglement
between the system and its environment leads to decoherence [211]. A complete understanding of the
evolution of entanglement requires solving the dynamics of the overall state. This is often not feasible,
including for decoherence where the Hamiltonian describing interactions with the environment is not
known explicitly.

It is therefore interesting to ask what aspects of entanglement growth, if any, are shared by all
quantum systems. Broad statements can be made in this direction with minimal assumptions about
system dynamics by relying on special initial conditions instead.

To begin, bipartite entanglement between subsystems must be defined with respect to a partition of
the system’s degrees of freedom, represented as a fixed factorization of the Hilbert space H = Ha Q@ Hp.

The Hamiltonian for the full system can be expressed as

H=> A,®B,, (5.1)

where each A,, is an operator acting on subsystem H 4, and each B,, acts on Hp. Any number of terms

73
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may be included as long as H is Hermitian. Since the algebra of operators acting on H is isomorphic to

the tensor product of subsystem algebras, any Hamiltonian can be represented this way [212].

Recently it was shown by Yang [2I3] (see also the earlier work [214]) that starting from a pure,

unentangled state

[W(0)) = [1(0)) 4 @ [¥(0)) 5 , (5.2)
the growth of entanglement under the unitary evolution generated by (|5.1)) is characterized by a universal
timescale,

1
T2
Tene = | D ((AnAm)=(An)(Am)) ((BuBum)—(Bn)(Bm))| - (5.3)

Here the expectation values are taken in the initial state. The timescale is universal in the sense that it
takes this form for any quantum system that satisfies the requirements and . The entanglement
timescale was derived by studying one particular measure of the entanglement between subsystems A
and B, namely, the purity P(pa) = trap% of the reduced density matrix p4 = trgp. By the assumption
(5-2), the purity is initially maximal so that its dynamics are governed at lowest order in ¢ by d?P/dt>.
The second derivative is proportional to T2 which is entirely determined by the expectation values of

the interaction Hamiltonian operators in the initial state.

In this chapter, we show that the same entanglement timescale governs the growth of entan-
glement as measured by the entire family of quantum Rényi entropies . As a family, the Rényi
entropies provide complete information about the eigenvalue distribution of the reduced density matrix
pa, and hence completely characterize the entanglement in an overall pure, bipartite state [2I5] [51].

Therefore, the entanglement timescale (5.3)) is a universal feature of bipartite entanglement.

The most common measure of entanglement, the entanglement entropy S(pa) = — tra(palnpa),
corresponds to the & — 1 limit of . Its second time derivative can be obtained by an analytic
continuation in « from our general results for o« > 2 after which appears with a logarithmically
divergent prefactor, reflecting the sensitivity of S(pa) to small eigenvalues of the density matrix. We

provide an example of these results by working with the Jaynes-Cummings model [2T6].

In Sec. we extend the leading order analysis to the next-to-leading order. At this order, several
additional terms appear in the derivatives of the Rényi entropies with @ > 3. One might expect at
first glance that the o = 2 case should behave differently from the rest of the family. However, we find
surprising cancellations between all of the additional terms which leaves the evolution identical for all
Rényi entropies at this order as well. The next-to-leading order behaviour is characterized by a second
universal timescale for all a. This pattern cannot continue to all orders in perturbation theory because
the Rényi entropies are truly distinct functions. It is likely to break at fourth order around ¢t = 0, since
there are additional classes of new terms which arise for « = 3 and « > 4, and it is difficult to imagine
perfect cancellations between them all. We remark on some of the properties of the third order timescale,

and how it relates to the leading order timescale.

Notably, the entanglement timescale can be computed without the need to solve for the dynamics
of the system. For a given experimental preparation of an unentangled state, our results provide an
easily calculable estimate of when entanglement will become significant. Advances in the optical control
of atoms have led to the first direct measurement of a Rényi entropy in a many-body system, and
subsequently to measurements of its growth [217 218] 219 220, 221]. We return to these measurements

for comparison to the entanglement timescale in Sec. [5.5]
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5.2 The entanglement timescale for Rényi entropies

In this section, we derive an entanglement timescale for the Rényi entropies of a pure bipartite state (|5.2))
evolving under a general Hamiltonian . Initially the subsystems are pure, ps = p%, because (5.2))
is separable, and therefore S, (pa)|i=0 = ﬁ Intrap4le=0 = 0. As the state evolves, the interactions
between subsystems will generate entanglement. Starting at a minimum of S, the first time derivative
is initially zero. We will calculate the second derivative to obtain a Taylor expansion around ¢t = 0 of

the form )

t
ent
We will find that the entanglement timescale Tey; takes the same form for all Rényi entropies, with C,

a constant.

Since the Rényi entropies are initially minimal, their first derivatives must vanish. We find

d ! 1 1 op

— S, = —t % t t T — . 5.9
iS(oa) = 1 (rap) ™ tna (e e ( 55)
Note that in general, [trg(Jp/0t), trpp] # 0. However, inside the A trace, we can cyclically permute each

term produced by the derivative into a common ordering as shown. Using the von Neumann equation
Op/0t = —i[H, p] with =1 and using (5.1]) and (5.2 in the ¢ = 0 limit, we find

d

1o a\— o— o
@Sa(PA)h:O = ﬁ(tl"APA) lgth(PBBn)U"A (Pa Anpa — % An) = 0. (5.6)

The leading order of the time evolution comes from the second derivative,

GaSotoa) = 7 ((eran) o Gleran(o* - () {raGlorantol®} ). 57

The second term vanishes when the t — 0 limit is taken; this was the result of the first derivative
calculation. We are left with the first term of (5.7]) for which we find

tr d—g[tr p(D)]* ¢ = atra | (trpp)® ttr % + ai?(tr p)Ptr @(tr p)* 2 Pr op (5.8)
A\ g ltrB A B B P B B3\ Bag |- .
The 8 sum keeps track of the non-commuting factors which cannot be permuted into a common ordering.

Applying the von Neumann equation leads to

d2

(67 — o o—
@sa(pA)h:O = — (trap3) > {trB(BanpB)trA (24, Amp% — 24mpadnpst) (5.9)

n,m

a—2
+ trp(Bup)trp (Bupp) Y tra (2007 g7 A — 0 Anps " A = 957 Ap >0 Am)}
B=0

Before simplifying (5.9) for general «, it is useful to look at the unique case of & = 2 which corresponds
to the purity studied in [2I3]. In this case, the 8 sum contains only a single term. Using the assumption



CHAPTER 5. UNIVERSAL TIMESCALE FOR RENYI ENTROPIES 76

of purity at t = 0 allows us to write

d2

ESQ(pA”t:O =4 Z [trB(BanpB) - trB(Ban)trB(BmpB)} [trA(AnAmpA) - trA(AmpAAnpA)] .

n,m

(5.10)

Note that we have not assumed that [A,, A,,] = 0. Instead, we have used the symmetry of
trg(Brpp)trg(Bmpr) in the n, m indices to exchange A, and A,,. Indeed, exactly matches
the main result of [2I3] when we account for the difference in the definitions of the purity and Rényi
entropy. Defining the a-purity, P,(pa) = trap%, we have under our assumptions %Sa(pf‘)h:o =
2 g Pa(pa) 0.

Returning to the general case, it is possible to greatly simplify by using the idempotency of
pa(t =0), and p% =14 where [ 4 is the identity operator for subsystem A. The special case of p% =14
only occurs in the 8 sum when f takes on its extreme values of 0 and « — 2. Each other term in the

sum vanishes. The general result for a > 2 is

%SQ(PA)h:O = a2i11 Z [tr5(BnBmpr) — trp(Bnp)trg(Bmps)| tra(AnAmpa) — tra(AmpaAnpa)l
= 2 S BB — (BB [{AnAn) — (A) (An)] = 22T, (511)

where we have used the simplification tra(A,,padnpa) = tra(Ampa)tra(An,pa) for pure py as shown
in [213].

Equation (5.11) is our main result and shows that the second derivative of every Rényi entropy
for a > 2 is of the same universal form as the a = 2 case studied previously. In fact, the coefficient
incorporates the a = 2 case in Eq. (5.10]) as well. The only remaining case is o« = 1, which we turn to

now.

The entanglement entropy S(pa) = —tra(palnpa) is the most widely used entanglement measure in
the literature. It corresponds to the v — 11 limit of S, (pa) after an analytic continuation in « [18 [19].
Inserting o = 1 at intermediate steps in the derivation leading to produces ill-defined quantities
since the density matrix pa(t = 0) is pure, and therefore singular. Nevertheless, we emphasize that
inverse powers of p4 do not appear in the final result . The prefactor 2a/(a—1) can be analytically
continued in « and is analytic away from the simple pole at & = 1. Taking the limit of 2a/(ax — 1) as
a — 17 along the real axis shows that d®S(pa)/dt?|;—o is proportional to the entanglement timescale
with a divergent prefactor. This reflects the entanglement entropy’s sensitivity to small eigenvalues of

pAa via the logarithm.

To make this point more clear, let p;(¢) be the eigenvalues of p4 such that p;(0) =1 and p;(0) =0
(j # 1). Then the second derivative of the entanglement entropy, S(pa) = — > .(p;Inp;), in the t = 0

limit is

2 2 2

% = _ddg -3 [(mpj + 3)‘“’]} . (5.12)
j#1

Generically, lim;_,o(d?p;/dt?) Inp; is divergent since d*p;/dt? is not required to be zero initially. Still,

the divergence of d2S/dt? at t = 0 does not imply that the entanglement entropy itself diverges; on the

contrary, S(pa) is strictly bounded above by the dimension of the Hilbert space of subsystem A. Rather,
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d?S/dt* appears in the Taylor series as the coefficient of ? which tames the logarithmic divergence. It
should be noted that higher derivatives also diverge logarithmically at ¢ = 0, but are suppressed by
higher powers of ¢.

5.3 Example - Jaynes-Cummings model

Equation shows that the divergence of d?S/dt? at t = 0 for an initially pure product state
found in is not an artifact of the analytic continuation in «. This is the generic behavior of
the entanglement entropy for an initially separable state. To explore the physical significance of the
entanglement timescale, and to check the divergence of dS/dt?|;—¢, we work with the Jaynes-Cummings
model (JCM) of a two-level atom interacting with a quantized radiation field [222] 216]. This system has
been extensively studied in quantum optics because of its interesting entanglement properties [200, 223]
and quantum revivals [224] [225]. In this section, we calculate the entanglement timescale for initially
separable states, first by finding an analytic solution for the Rényi entropies at all times, and then by
studying the expectation values of the interaction terms in the initial state as dictated by . We
explicitly show that the divergence of d?S/dt?|,—¢ is only logarithmic.

In the rotating-wave approximation, the JCM Hamiltonian is [216]

H
- = %o’z +wa'a+ MNa'o_ 4 aoy). (5.13)

Here, wy is the atomic transition frequency, w is the characteristic field frequency, and X is a coupling
constant. For simplicity, we impose the resonance condition w = wg and set A = 1. The Pauli operators
can be written in terms of the atomic ground state |g) and excited state |e) as o, = |e) (e|] — |g) (9],
o_ =1g) {e], and o4 = |e) (g|. The field mode has a Fock basis |n) on which the creation and annihilation
operators a', a act in the usual way. Notice that this Hamiltonian is of the assumed product form
and is time independent.

Let the overall initial state be the product of an arbitrary atomic state |¢) , = Cy|g) + Ce |e) and
field state [¢)) p => o2, Cy [n). Then the overall state at any time is [201]

[ (1)) = i{[CeC’n cos(AvVn + 1t)—iCyChp1 sin(Avn + 1¢)] |e) (5.14)

+[—iCeCh—1 sin(Ay/nt) + CyCy, cos(A/nt)] |g)} |n),
which is entangled for most times. Since the exact solution for the state is available, the Rényi entropies

can be calculated directly for either subsystem after a partial trace. When the atom is initially excited

(Ce=1, Cy=0),

d2
dt?

2 oo oo ) .
=23 [Z(n—i—l) Cul? = > Vm A+ 1Vn+1C;11CrCrmia Crr | - (5.15)

Sa(pa)

a—1
t=0 n=0 n,m=0

For comparison, if the atom is initially in the ground state, then the result in (5.15|) changes slightly by
the replacement |Cy,|> — [Cpyy|” in the first sum.

The entanglement timescale can alternatively be computed from the Hamiltonian and initial state
by using the definition in (5.11]). This is much simpler because it does not require solving for the time
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Figure 5.1: (a) Sa(pa) for the Fock state with N = 3 and C. = 1 is sinusoidal and C*° smooth. S is
compared to the quadratic approximation with timescale ATepnt . = 1/4 (dashed red line). (b) S(pa) for
the same state is differentiable, but d?S/dt? is discontinuous at t = 0 (inset, dashed line). Units of In(2)
are used in all figures.

evolution of the system. When the atom is initially excited, the only nonzero term in (5.11)) is

Tt e = N((aa’) = (a)(a"))((010-) = (04)(0-))

oo oo 5.16
=X+ 1)|Cu* = > Vm+ IV 10511 CuCinga Cr | > 1. (5.16)
n=0 n,m=0
Similarly for the ground-state case, we find a single nonzero term,
Tty = X ((a'a) = (a")(a) ((o-04) = (0-){0)) >0, (5.17)

which is like but with |C,,|>*—|Cy41]? in the first sum.

The growth of entanglement is always controlled by the strength of the coupling A between subsys-
tems. Indeed, it was pointed out in early studies of the JCM that A~! is proportional to the time period
over which the reduced states remain approximately pure [201I]. The positivity of Rényi entropies re-
quires that T2 is positive. This is ensured by the results of [2I3], but can be seen here as a consequence
of the Cauchy-Schwarz inequality which implies (afa) > (af)(a), etc.

From these general expressions, we can easily examine the growth of entanglement for some common
field states. Consider when the field is initially in a Fock state, |¢)) = |N). For the initially excited
state, we find Tope = (AN + 1)1 and for the ground state, Tent,g = ()\\/N)*l. Figure shows
Sa(pa) and S(pa) for Ce =1, Cy =0, and N = 3, along with the quadratic timescale approximation.
Whereas S, (pa) for a > 2 is C°° smooth in this example, we see that d2S(p4)/dt? diverges at t = 0 as
expected, while dS(p4)/dt is continuous at t = 0.

Instead, if the field starts in a coherent state,

) p = o3I 5 % n), al)p=v|e)p, (5.18)

n=0

then the excited state timescale is Teng,e= 1/A, whereas for the ground state, TC;%’g: 0. Notably, these
timescales are independent of v. Figure shows S2(pa) and S(pa) for the coherent state with v = 3
and C, = 1, Cy = 0. Once again, d*S(pa)/dt* diverges at ¢t = 0, while dS(pa)/dt is continuous at ¢ = 0.

For comparison, the coherent state with v = 3 and C, = 0, Cy = 1 remains effectively separable for

some time, as shown in Fig. [5:3] The divergence of the entanglement timescale in this case means one



CHAPTER 5. UNIVERSAL TIMESCALE FOR RENYI ENTROPIES 79

04F 7 04

00 ; ! oz ~02 00 02 04
At At

Figure 5.2: (a) S2(pa) for the coherent state with v = 3 and C. = 1. The small-t behavior is independent
of v and described by the quadratic timescale ATent,e = 1 (dashed red line). (b) S(pa) for the same state is
differentiable, but d?S/dt? is discontinuous at ¢ = 0 (inset dashed line).
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Figure 5.3: (a) S2(pa) for the coherent state with v = 3 and C, = 1, where T,,{ = = 0 indicates that the state

ent,g
remains effectively separable for a significant time. The leading behavior around ¢ = 0 is sixth order in ¢. (b)

S(pa) for the same state is C° smooth, with d>S/dt?|.—o = 0 (inset, solid line), and d®S/dt® discontinuous at
t = 0 (inset, dashed line).

must look to higher orders in the Taylor expansion of S, () to see the growth of entanglement. This is
one example of an initial state where the correlated quantum uncertainty defined in [213] vanishes.

Equation shows that the second time derivative of the entanglement entropy typically will be
divergent in separable states. This is not a flaw of taking the o« — 1 limit of the Rényi entropy, but is the
actual behavior of the entanglement entropy. From the state , we can calculate the entanglement
entropy directly for all times by diagonalizing the reduced density matrix of the atom p4(t) and finding
its eigenvalues, p1(t) = 1(145(t)]), and p2(t) = (1 —|5(t)|) in terms of the Bloch vector 5(t) [226]. For
instance, starting with the atom in its excited state, we find d?p; /dt?|i—o = —QT;E’E = —d?py/dt?|=o.
Using leads to the logarithmically divergent result,

&
dt?

} Tt e (5.19)

=2¢-24mn2—-limln|1— Z|Cn|20052()\\/n + 1t)
—0 50 —~

A similar logarithmic divergence occurs for the atom initially in its ground state.

5.4 Universal growth at third order

A natural extension of the results so far is to consider the growth of Rényi entropies at third order around
pure, separable states. Although the leading order behaviour is physically identical for all «;, we would

not expect this to be the case at all orders. The measures in this family are, in general, independent of
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each other. Surprisingly, a universal timescale also emerges at third order in ¢ around the initial state.
We proceed in the same manner as Sec.

Acting with another derivative on (5.7)) produces four distinct terms. As a result of the first order
calculation, any of these terms proportional to a single derivative of [trpp(¢)]® will vanish in the ¢ — 0

limit. This leaves only the term with a third order derivative,

D npalhmo = 1 [(traiesp(e)®) ™ tea (L (trpp(e))e
B PA)|t=0 = 1o ra(trpp ra a3 rpp -
1 d2 a—1 ap
a—2 2
__ a _ By, 9P a-2-g,, 9P a1y, 9P
=——tra| - |Ol 2)[;)@@,0) trp - (trsp) trp- + (trpp(t)* trp
- t=0

For small values of « there are not enough factors of p to produce terms with multiple factors of dp/0t.
In order to treat all values of o simultaneously we introduce step functions O(z) which equal unity if

x > 0, and are zero otherwise.

Acting with the third derivative appears to produce six distinct types of terms. However, by relabeling

the summation indices and cyclically permuting terms we realize that there are only three truly distinct

possibilities,

&3 a1, Op = s, Op a—2-py, 0P
%Sa(PA)h:o 1= atI"A [(ter) trB@ +30(a —2) ;}(trgp) trBa(ter) trBw

a2 B—1 ap dp dp

_ ~1 Ttrp oo (trpp)? T Y ) trp o (trpp) T Pt oo
+20(a — 3) ;@(5 );) ((ter) trg ot (trgp) )trB ot (trgp) trg at|,_,

(5.21)
8np

At this point we can apply the von Neumann equation for each factor 3;-. For instance, the first term
involves % = (—i)3(H3p — 3H?pH + 3HpH? — pH?) and simplifies to

tra [(ter)“trB f;g]t = 3i Y trp(BuBmBipp)tra [p4  Aipadn Am — p4 A AipaAy)] .
= n,m,l
(5.22)
Upon using the simplification that the state is initially pure, this term reduces to
3i Y trp(BuBmBips) [tralpadi)tra(padnAm) — tra(padn)tra(paAmA)]. (5.23)

n,m,l

We note that already dependence on « has dropped out. The second type of term in (5.21)) goes similarly,
except that the a = 2 and a > 2 cases must be treated separately when applying the initial conditions.
This is one place where we could begin to see differing behaviour for different Rényi entropies. However,

due to some remarkable cancellations, the result ends up being the same, and no dependence on «
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remains:
a—2 a 82
tra [36(a—2) ;_:O(trgp)ﬁtrgaf(trgp)a_Q_BtrBatQp = 3i0(a—2) Zl tr5(Bnpp)trs(BnBips)
= t=0 o
tra [2tra(padAm)tra(paAnAr) —2tra(padi)tra(padmAn) +tra(paAmAiA,) —tra(padAnAmA)].

(5.24)

Finally, the third type of term in only exists for @ > 3, so we may expect that Rényi entropies
with a > 3 will have deviations in their third order growth compared to the @ = 2 measure due to these
contributions. The cases a = 3 and a > 3 should be treated separately, since in the former the sums
collapse to a single term. In both cases, after a sequence of seemingly magical cancellations due to the

initial conditions, we find that this type of term vanishes identically,

a—2p6-1
Ip B—1— dp a—2-p,. Op
trg [20(a —3) BZ_I ; ((ter)WtrBat(ter) v trBa(ter) trBa =0. (5.25)
T t=0

Despite numerous opportunities for new contributions to appear for « > 2, every possible difference
cancels out perfectly leaving the final result for the third order growth of Rényi entropies around pure,

separable states

&3 Gicy { (5.26)

ﬁsa(PAﬂt:O =

Z [trg(BnBmBips)—trp(Bmpr)tre(BnBips)|[tra(Aipa)tra(AnAmpa)—tra(Anpa)tra(AmAipa)l+

n,m,l

Z [tra(AnAmAipa)—tra(Ampa)tra(AnAipa) [trB(BlpB)trB(BanpB)—trB(Ban)trB(BmBlpB)]}.

n,m,l

11—«

The only dependence on « is through the normalization factor, but the dynamics is completely universal
for all Rényi entropiesﬂ We also note that the result is totally symmetric in A ++ B, and does not
receive contributions from self-energy terms in the Hamiltonian, only from non-local interaction terms.
Furthermore, since the Rényi entropies are bounded below by zero, and the 3 term in the Taylor
expansion is odd, this result must vanish if the second order timescale vanishes. Indeed this can be
verified to occur by going to the basis where p = pii = 66" initially [213].

At fourth order the remarkable cancellations leading to universal behaviour will almost certainly not
continue. Here, and for any higher order, there will be more than one term in the initial step similar
to that does not contain a term proportional to a single derivative of [trgp(t)]®. Furthermore, in
the step similar to there will be terms which only appear for o > 3 or a > 4, etc. Universality at
higher orders would require each of these types of terms to vanish identically, which becomes increasingly
unlikely to imagine. In any case, the Rényi entropies are truly independent functions so the common
behaviour must cease at some order. Our result in this section shows that non-universal behaviour does

not appear at the lowest possible order.

1For the entanglement entropy we can take the o — 17 limit after an analytic continuation and find the same dynamical
behaviour, with a divergent prefactor. This exactly mirrors the situation found for the second order derivative discussed

in Sec. @



CHAPTER 5. UNIVERSAL TIMESCALE FOR RENYI ENTROPIES 82

5.5 Discussion

The main result of [213] showed that for any unentangled pure bipartite state evolving under an arbitrary
Hamiltonian, the growth of entanglement is characterized by a timescale which takes the universal form

Tens= | Y ((AnAm)=(An){Am)) (BuBm)—(Ba)(Bm))| (5.27)
where entanglement is measured by the purity of subsystems. In this chapter, we have shown that the
same timescale characterizes the growth of entanglement as measured by any Rényi entropy. Since the
family of Rényi entropies constitutes a complete determination of the entanglement in a pure bipartite
system, the entanglement timescale universally describes the initial growth of bipartite entanglement.
A universal timescale with similar properties also governs the next-to-leading order growth as a result
of several non-trivial cancellations between terms that appear for a > 3 but not o = 2.

It is easy to prove that the entanglement timescale obeys several properties expected of the Rényi

entropy. As shown in [213], 72

-« 18 a manifestly positive quantity so that the Rényi entropies initially

increase from their minimum value. It is also symmetric between the subsystems A and B which reflects
the symmetry S, (pa) = Sa(ps) for overall pure states. Furthermore, the coefficient 2a/(ac— 1) in
is monotonically decreasing in «, which is required by the general condition 95, /9a < 0.

Rényi entropies are widely used theoretically and have recently been measured in isolated many-body
systems [219], including their time dependence after an interaction is turned on [220]. The first such
measurement was performed on a Bose-Einstein condensate trapped in an optical lattice and evolving

under the Bose-Hubbard Hamiltonian in one dimension,
H=-J Z ala; + v ZaTai(aTai -1). (5.28)
o (e} 2 - ) [
i,J %

The first sum is over nearest-neighbor pairs and represents tunneling between neighboring sites at a rate
J. The second sum over each lattice site represents the attractive energy among bosons sharing a site.
In the experiment [220], a product of one-particle Fock states was prepared on six adjacent lattice sites
with a barrier on each end. After a quench in which the interaction in was turned on, the second
Rényi So(pa) was measured in time for all unique partitions of the six sites.

The only interaction term in that couples A to B is —J(a}aiﬂ + aiaj-ﬂ), where sites 4
and i+1 are neighbors across the partition. Thus, for any nontrivial partitioning, the entanglement
timescale is the same, TC;iBH = J2<1|a3a¢|1><1|a1—+1a1+1|1> + J2<1|aia3|1><1|az_~_1ai+1|1> = 4J2%. Using
the experimental value of J/2m = 66 Hz, we can estimate that the entanglement will become significant
within a time T, g = 1.2 ms, which agrees with the experimental result displayed in Fig. 3 of Ref.
[220]. This comparison is only approximate since the actual initial states prepared in the experiment
were not free of entanglement.

The original motivation to determine the entanglement timescale was to estimate how quickly a
generic quantum system will decohere due to entanglement with gravitational degrees of freedom [211],
2277, [228]. This question is relevant to the black-hole information problem [38] B9], where the Hawking
quanta escaping from the black-hole horizon region may entangle with the geometry itself. To make
any concrete statements about entanglement with gravitational degrees of freedom, one needs to work

with quantum field theory or, better yet, quantum gravity. Since our derivation of the entanglement
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timescale assumes that the initial state is pure and unentangled, it is difficult to generalize these results
to quantum field theory, where typical states are highly entangled on all scales [24] 20} [21]. UV divergent
entanglements can be avoided by considering the entanglement difference between states, for example
with the relative entropy, which lends hope for our analysis of d2S,, /dt? [229, 230]. One can otherwise
avoid divergences by considering causally separated subregions, but this comes at the cost of losing
purity for the combined system [231]. Moreover, for gauge field theories, or in the algebraic approach
to QFT, the Hilbert space does not factorize across spatial boundaries, invalidating our assumptions
[15, 232]. Still, the growth of entanglement in quantum field theory states is a major area of research
in many-body, condensed-matter, and high-energy physics [233] 234, 235], 236], 237], and it would be

interesting to develop an entanglement timescale in these regimes.



Chapter 6

Perturbative expansion of negativity

using patterned matrix calculus

This chapter is based on the paper [122] published in Phys. Rev. A.

6.1 Introduction

In 1935, Einstein, Podolsky, and Rosen imagined a composite quantum state that did not admit a
complete local description. In this kind of state, outcomes of measurements performed on the subsystems
were perfectly anti-correlated regardless of the chosen measurement basis. Schrodinger shortly gave this
remarkable feature of the quantum formalism the name entanglement, and the notion continues to be the
subject of extensive theoretical study and experiment [238], with applications like quantum teleportation
[239, 240, 241, 242], quantum-enhanced metrology [243], 244l 245] 246], and quantum cryptography
[247, 248, 249, 250]. We continue this line of study in this chapter which will provide insight into how
entanglement evolves as the state of a bipartite system is varied.

The dynamics of entanglement, studied initially in quantum-optical systems, has become an active
area of research in many-body systems [2511 [252], [253], condensed-matter physics [254), [255] 256], 257], and
quantum field theories [258] 259, [61]. Perturbative approaches to entanglement dynamics have revealed
a universal timescale characterizing the growth of entanglement in initially pure, separable states under
unitary evolution as measured by the purity of the reduced density matrix [214] [213], and by the Rényi
entropies [121].

In this paper we focus on the negativity . Although negativity has been studied for two decades,
there is, to our knowledge, no general perturbative expansion available. This omission is likely owed to
three nuances in the differentiation of negativity: the matrix representation of the partial transposition
map, issues of non-differentiability of the trace norm, and the computation of the trace norm’s derivative,
which requires a careful consideration of the calculus of complex matrices with patterns.

To expand on these difficulties, we recast negativity in terms of the trace nor X, =TrvXTX
of a matrix, X, so that

N(p) =5 (™, = 1) (6.1)

DO =

1The trace norm, also known as the nuclear norm, is one of the Schatten norms and one of the Ky Fan norms.

84
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A perturbative expansion of A (p) as p(p) varies with respect to some parameter p requires a derivative
that we schematically write as
W _10]p"], 35" 0p
dp 2 9pTe 9p o

In the following sections we will be more precise about how these derivatives are defined and multiplied.

(6.2)

The last factor, dp/du, will depend on the application at hand, but for concreteness we will mainly
consider time evolution, with dp/dt governed by the von Neumann dynamics of a closed system or the
Lindblad dynamics of an open system. It should be understood that more general variations can be
treated in the same way. The middle factor requires an explicit expression for the action of the partial
transposition map on the density matrix. Some forms are available in the literature, but in what follows
we work in the vectorized representation where p and p’® are vectors in C(dads)* The linear map
Tp =1®T has a simple representation in this vector space that is easy to implement numerically, while
also providing a form for dp™2 /0p.

The more challenging factor to understand is the derivative of the trace norm with respect to its
argument. One complication is that the trace norm is only differentiable if its argument is invertible
[260]. At singular arguments one has the notion of a subdifferential, to which we return in the discussion.
Otherwise, we assume invertibility of p”# throughout. More importantly, the derivative O HpTB H1 /0pTE
is taken with respect to a Hermitian matrix whose elements are not independent variables. This is
perilous; it is necessary to represent p?2 in terms of a set of independent variables before differentiating,
which is the main notion behind patterned matrix calculus [261]. Generally, we refer to any matrix
whose elements are not independent variables as a patterned matrix, some other examples of which
are symmetric, unitary, or diagonal matrices. Patterned matrix calculus is an underexplored branch of
mathematics that we find to be crucial in the perturbative analysis of negativity.

In this chapter, we address the nuances just mentioned to further our understanding of entanglement
dynamics by way of negativity. In Section we provide a means by which to compute the perturbative
expansion of negativity. To this end, we offer new matrix representations of the partial transposition
map, along with explicit computations of the first and second derivatives of the trace norm with respect
to complex, patterned arguments. The techniques we develop can be straightforwardly carried out to any
order in the expansion for negativity. In Section[6.3] we apply our results to several physical systems with
illustrative differences and compare them with the behaviour of other entanglement measures. Section
[6-4] explores how patterned derivatives can be used more broadly in quantum information theory with
an application to quantum speed limits and bounds on entanglement dynamics. Then, in Section [6.5
we use a more formal version of patterned matrix calculus to explain why it is necessary when studying
some quantities, like negativity, but not for others, like the Rényi entropies that were the focus of the
previous chapter. Our result is a theorem describing a class of matrix functions for which patterned
derivatives are equal to their unpatterned counterparts, and hence these subtleties can be safely ignored.
Finally, in Section we discuss in greater detail the challenges of our approach, the validity of our
assumptions, and the benefits and limitations of our results.

6.2 Perturbative expansion of negativity

Let us suppose that the density matrix, p(t), of a quantum state and some number of its derivatives are

known at a given time, ty. To understand how the entanglement between two subsystems changes near
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to due to the evolution of p(t) we can expand the negativity as

dN 1 &*N
N(t):./\/(to)+7 (t7t0)+*72 (t7t0)2+"'. (63)
dt |, 2 dt? |,
Our goal is to provide general expressions for the derivatives of negativity in this expansionﬂ In this
section we offer explicit expressions for the first and second derivatives using a method that can be

carried out systematically to any desired order of precision.

6.2.1 Vectorization formalism and the partial transposition map

Expressions like are cumbersome to work with since dp?2 /9p represents a four-dimensional array
that must be contracted against two matrices to produce a scalar. To avoid such complications we prefer
to work in the vectorization formalism, where we represent the state p as a column vector, vecp. In
general, the vectorization operation, vec, stacks the columns of an m x n matrix into an mn x 1 vector.

It admits two useful identities that we rely on, namely
vec (ABC) = (C" ® A) vec B, (6.4)

where A, B, C are any three compatible matrices, and
tr (A" B) = (vec " A)vec B, (6.5)

where A, B are the same size and vec T A = (vec A)T [262, 263]. In this formalism we can rewrite the

first derivative of negativity as

N1 d)|p™" ||, dvecp™ dvecp
dt — 20vecTpTe JvecTp Ot

(6.6)

With this simple change in notation the middle factor is an ordinary matrix multiplied by two vec-
tors. To demonstrate the convenience of this formalism we first consider how the standard matrix
transposition map can be represented, before applying it to the partial transposition and determining
dvec pT® /o vecT p.

Let ¢ be a superoperator, i.e., a linear map from the space of m x n matrices to the space of ¢ x r

matrices. Due to linearity, ¢ can always be written as
¢(X) =) AiXB;, (6.7)

where X, the A; and the B; are m X n, ¢ X m, and n X r matrices, respectively. If X is instead vectorized
as vec X, then there is a related operator, M, acting on the space of mn x 1 vectors, and represented
by the gr x mn matrix
My => Bl ® A, (6.8)
i

There is no restriction on the number of terms in each sum, so these representations will not be unique.

2The logarithmic negativity, Ex (p) := log, ||p7E ||1, can be treated analogously.
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The M, operator can be viewed as implementing the linear map ¢ on the vectorized space of matrices,
vec p(X) = Myvec X, (6.9)

which follows from identity (6.4]). This demonstrates the existence of an isomorphisnﬁ between the space
of superoperators acting on C™" and those acting on C™" [264], [265].

Matrix transposition is a linear operation, meaning we can define a commutation matriz, K,,,, such
that

vee XT = K,,nvec X, (6.10)
where K,,, has dimensions mn x mn. K,,, is a symmetric permutation matrix satisfying the useful
identities

(Kmn)? =1, (6.11)
Kng(XQY)=(YoX)K,, (6.12)

where Y is ¢ x r. In the following we only deal with square matrices and hence use K := K, for ease of
notation. The commutation matrix has a simple representation of the form in the standard basis
of matrices {Jj7 }, where JjJ is the n x n single-entry matriz defined through (Ji7),, = dixdj. In terms
of these elements .
K=Y JieJi (6.13)
ij=1
In the same vein as , we can represent the partial transposition map as a linear superoperator

acting on the space of (dAdB)2 x 1 column vectors,
vec p'? = Kpvec p, (6.14)

where the subscript indicates the subsystem to be transposed. We call K a partial commutation matriz.
It is (dadg)® % (dadp)® and is self-inverse. The advantage of this formalism is that we can immediately
identify the middle factor in as

= Kp, (6.15)

which follows when we observe that the partial commutation matrix is constant. To establish this we

can investigate the form of K g, again working with standard basis elements. We find

dp
Kp=> (L@ Ji) @ (L, J3,). (6.16)
ij=1

We note that Kp is a constant matrix that depends only on the dimensions d 4, and dg. Furthermore,
when ds = 1, then Kg = K, as expected. In Sec. we show how can be obtained through
the action of the partial transposition map on the standard basis, and we also present a convenient
form for K by identifying its eigenvectors. For other representations of the transposition and partial
transposition maps, see, for example, [266].

With this brief introduction to aspects of algebra on vectorized matrices, we now turn to calculus in

3This is distinct from the Choi-Jamiolkowski isomorphism.
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order to identify 0 H p’E Hl /O vecT pTB | the remaining factor in .

6.2.2 First derivative of the trace norm
In this section we use X to represent an unpatterned n X n matrix of complex variables. The unpatterned

derivatives of a scalar function g(X, X*),

dg dg

Dvag = d Dywgi= —2 6.17
X9= ByecTx ) M X9 GvecT X+ (6.17)
are found by expressing the differential of g in the form

dg = (Dxg)dvec X + (Dx+g)dvec X*, (6.18)

and reading off the prefactors of dvec X and dvec X*. The differentials dvec X and dvec X* are taken to

be independent, and when g is differentiable the unpatterned derivatives are unique [262] 267].

As discussed in Sec p'® is Hermitian, meaning its matrix elements are interdependent and special
care must be taken in defining a derivative with respect to it. With some effort, the derivative of a scalar
function with respect to a Hermitian argument A can be found in terms of the unpatterned derivatives
as in [261]:

dg
Djyg = ———
49 OvecT A

where (Dxg)|x=4 means the Hermitian pattern is applied after the unpatterned derivative has been

= (Dxg)|x=a+ (Dx+9)|x=aK, (6.19)

computed, and K is the commutation matrix from (6.13)). Sec. [6.5.1|contains an abstract summary of our

general approach to patterned derivatives which can be used to establish (6.19) rigourously. For a briefer
derivation, we note that the differentials of A are not independent, since dvec A* = dvec AT = Kdvec A.
Hence, when we apply the Hermitian pattern, (6.18]) becomes

dg =[Dxg+ (Dx~g) K]yx_, dvec A, (6.20)

and we identify the patterned derivative in (6.19)). We note that D 4+g can be found similarly, but is not
independent from D 4g since Da~g = (Dag)K.

The trace norm [|p?=||; is a scalar function of a Hermitian matrix, so in order to find its derivative
we start by computing the differential of | X||; as in (6.18). We take X to be invertible so that ||X||;
is differentiable, and define |X|:= vV XTX, so that || X||, = Tr|X|. Then, by definition, |X||X| = XX,
and we can take the differential of both sides to obtain

(d|1X))|X] + |X|d|X| = XTdX + (dXT) X. (6.21)
Multiplying by |X |_1 on the left and taking the trace allows us to isolate tr (d|X|)
2tr (d | X|) = tr (\Xrledx) +tr (X |X|*1dXT) . (6.22)

The differential operator d commutes with both the trace and vec operations, so this equation actually
gives the differential of the trace norm, tr (d|X|) = d|| X]||;. Identity (6.5)) allows us to express d||X||; in
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the required form (6.18)),
1 T * -1 T 1 T -1 T T *
X = svee” | X (\X| ) dvee X + Svec (|X| ) XT| Kdvee X*, (6.23)

where we have also used (6.10]) for dvec XT. Now we can identify the derivatives with respect to X and
X* as

1 o n\T
Dl = gvec” [ (1x17)'].

(6.24)
Dx-[| X1

%VecT [<|X|1)TXT] K.

The derivative with respect to a Hermitian argument follows by substituting (6.24)) in (6.19)), and recalling
K2 =1

DallAll = gvec” [x (1x17) " + (|X|1)TXTL )
= (6.25)
— vecT [AT (|A|_1)T} = vecT [A |A|—1] K,

where we note that A commutes with |A|”". The matrix A|A|™" appearing in the derivative is the
matrix extension of the sign function, defined such that A = sign(A4)|A| [268].

The derivative simplifies even further when we use the eigendecomposition for p’2 = UAUT, where

A contains the eigenvalues of p?2 in decreasing order,

a e I,

dvecTpls Dyry [|p"|], = vee™ (Usign (A) UT). (6.26)

We would like to emphasize that the derivative taken with respect to a Hermitian argument is
twice the unpatterned derivative 7 which shows the indispensability of patterned matrix calculus
for understanding derivatives of negativity. Our results and can be combined to give the
first derivative of negativity . Next, we compute the second derivative explicitly, and then proceed

to show how the perturbative expansion can be carried out to any order.

6.2.3 Second derivative of the trace norm

Taking another derivative of and noting that Kp is constant gives

d27/\/ 1 (8vecpTB Bvecp>T 0 <5’||pTB||1 )T (6veCpTB 8vecp>
T2

2 T T T T T, T
dt dvectp Ot dvecl pTs \ dvecT pTB oveclp Ot (6.27)

1 d|p™= ||, dvecp™® 82 vecp
20vectpTs gveclp 012

The second line can be computed using the above results if 92p/0t? is known, but the first line involves

the Hessian of |p?#||; with respect to a Hermitian argument,
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T
) a||p*=
Ko yrs (1070 1) = ( o™, ) : (6.28)

OvecTpTs \ OvecT pTs

To our knowledge, Hessians with respect to patterned matrices have not been discussed in the literature.
Therefore, in the following we present a detailed discussion of such Hessians in general before applying
our new methods to the trace norm to compute ([6.28|).

As with Jacobians , unpatterned Hessians are defined through the differentialﬂ

d?g = dvec” X [ x(g)] dvec X + dvec” X* [ x+(g)] dvec X

(6.29)
+ dvecT X [+ x(g)] dvec X™ + dvecT X* [#x+ x+(g)] dvec X,
where we take
0 og 1"
— T ._
Hx-x(9) = Dx-(Dxg)" = 57 [ 5ot X} , (6.30)

etc., and note that second differentials of the variables X and X™* are zero by definition. Since the four
Hessians here are not independent, there is some freedom to exchange terms in the form (6.29)). To

compute the Hessians, one must write the second differential of g(X, X*) as

d?g = dvec” X (Byg) dvec X + dvec” X*(Byg) dvec X

(6.31)
+ dvecTX(Bu) dvec X* + dvecTX*(Bm) dvec X*.

Since partial derivatives commute, the J#x x and - x+ Hessians should be symmetric, while % x-

and Jx - x should be transposes of one another. One can conclude that

1

M x(9) = 5 (Bio + Bl) , (6.32)
1

Hx-x+(9) = 3 (Bo1 + Bj,) (6.33)
1

Hx,x+(9) = 5 (Boo + Bi1) = [ x(9)]" (6.34)

When the argument of g(A, A*) is a Hermitian matrix, this procedure must be modified to account
for the interdependence of A and At. We can define a Hessian with respect to a Hermitian argument by
noting that the patterned Jacobian for scalar g, Eq. , also applies to a vector function g, since it
applies elementwise:

Dag=[Dxg+ (Dx-g)K|x_,4- (6.35)

Then, the Hessian of g (A, A*) with respect to Hermitian A can be found by applying (6.35)) to the
Jacobian g = (DAg)T, resulting in

Haalg) = Dag = [Dx (Dxg)" + KDx (Dx-9)" + Dx- (Dxg)" K + KDx- (Dx-9) K|

= x(9)| yop + KA x-(9)| x_y + Hox(9)| x_ y K + KAx-x-(9)] o K-
(6.36)

One way to gauge the correctness of this result is to use expression (6.29) for the second differential

4We follow the conventions in [261].
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of a scalar function g(X, X*). Then, letting X — A and recalling dvec A* = Kdvec A gives

dQQ = dvecT A [%X,X(QHX:A + K%X,X* (g)|X:A + %X*X(gﬂX:AK + K7 x+ (g)|X:AK] dvec A.
(6.37)

We can see that the part of expression (6.37) in square brackets — defined to be .74 4(g) — matches Eq.
(6.36). This result can also be confirmed using the formal calculus described in Sec. m Whereas
there are three independent Hessians of g with respect to combinations of {X, X*}, there is only one

independent Hessian in the Hermitian case. The Hessians are related by
A (9) = KHua(g), Haalg) = Haa(g)K, Hawa-(g) = KAaa(g)K. (6.38)

We now use our result (6.36]) to compute (6.28) from the unpatterned Hessians of the trace norm.
Taking the differential of both sides of Eq. (6.21)) and noting d?X = 0 = d2XT gives us

(& |X])|X|+|X|d?|X| = 2dXTdX —2(d|X])?. (6.39)
Once again we left-multiply by |X|~! and take the trace,
tr(d® [ X]) = tr(dXT)(dX) |X] 7] = tr[(d]X]) | X| " ] X, (6.40)
which becomes
d? || X||, = dvec” (X*) [(X|_1)T ® ]I} dvec X — dvec” <|X|T) []I ® |X|_1} dvec | X]|. (6.41)
To find dvec |X|, we may vectorize both sides of Eq. and use identity which results in
(X" @ I+ 1®|X|)dvec |X| = ([ XT) dvec X + (XT ©1) dvec XT. (6.42)
For compact notation, let us introduce the Kronecker sum A® B .= A®1+1® B and define
Xe =XT@I+IoX=XToX. (6.43)
Then, since |X|g is invertibleﬂ
dvec |X| = (|X]g) " (I® XT) dvec X + (|X]o) " (XT @1) Kdvec X*. (6.44)

Inserting this in Eq. (6.41)) brings us to the desired form (6.31)) from which we can read off the B
matrices, and combine them to form the Hessians in Eqgs. (6.32)) to (6.34)).
All that remains is to merge the unpatterned Hessians as in (6.36]) to obtain the Hessian with respect

to a Hermitian variable. We show these computations in more detail in Sec. The result is

Ko grs (077 ]]) = %K [(W!‘l)@ — et (|PTB}@)_1 (\pTB|_1)EB (|pTB}@)_1p§B] . (6.45)

5Notice that det|X|g > det (\X|T ® ]I> + det (I®|X|) = 2(det|X|)™ > 0, where we have used the fact that |X|T @1

and I ® | X| are positive semidefinite and |X| is nonsingular. Hence | X|g is invertible. Eq. (6.21) is a Sylvester equation
for which solvability conditions are known and met in our case.
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For computational efficiency we can simplify this expression in terms of the eigendecomposition of p’=,
as we did for the first derivative. We find

Ky s (|077),) = K(U* @ U) [I - signA ® signA] (|Al,) " (UT @ UT). (6.46)

This form provides additional insight into the behaviour of negativity since the Hessian vanishes when
the eigenvalues of p’® are all positive. This Hessian, along with the results of Secs. and
allows the second derivative of negativity (6.27)) to be written in terms of the density matrix and derived

quantities.

6.2.4 Summary of method

In this section we summarize our results in an algorithm for computing the perturbative expansion for
negativity to second order:

(1) Determine the derivatives of the density matrix at t = ¢g, e.g. from an equation of motion.

(2) Construct the commutation matrix K from and partial commutation matrix Kp from
(6.16) appropriate for subsystem dimensions da,dp from the basis of single-entry matrices J.

(3) Compute the eigendecomposition for the initial state p?=(ty) = UAUT.
(4) Use the above in the first derivative of negativity, found from using (6.15) and (6.26):

av
dt

1
= 5vecT [U*sign (A) U] Kpvec p (o) - (6.47)

t=to

(5) Use the above in the second derivative of negativity, found from (6.27)) using (6.15)), (6.26]), and
additionally (6.46) for the patterned Hessian of the trace norm Hrp s (||pTB Hl) We summarize it as

2

1 i .
pT =3 [Kpvecp (tO)]T%ﬂpTB »'B (HPTB ||1)ngecp (to)

t=to ) (6.48)
+ évecT [U*sign (A) UT] Kpvec p(to) .

In light of Sections and it is clear that higher differentials d"||X||;, with n > 3, can be
computed iteratively by solving the equation d" (| X||X|) = d"(XTX) = 0 for the differentials d"vec | X]|.

Each such equation takes the form
@ X)X+ 1X|d" | X]| = Cp, (6.49)
where (), only contains differentials of order less than n, and each equation can be solved as in ,
d"vec | X| = (|X|@)_1 vec Cy,. (6.50)
In terms of lower-order differentials of | X/, then,
41X, = (X7 ). (6.51)

Finally, the form of higher-order derivatives of ||pTB ||1 with respect to its Hermitian argument can be
generalized from the methods we will present in Sec. and read off from (6.51)). This extends the
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steps in Section for a perturbative expansion of negativity to any order.

We conclude this section by noting that, for certain classes of systems, all terms involving higher
derivatives of the trace norm vanish. In these cases we have
d"N 1 am

oo [T7%a T gp
g = 5Vee [U*sign (A)U" | Kpvec o |, (6.52)

and the expansion resums to
1
N (t) =N (to) + 3 (vec” [U*sign (A) UT| K ) |t:t0 vec [p(t) — p(to)]. (6.53)

The simplified Eq. (6.53)) holds for a number of systems, but we have yet to find an a priori condition
that guarantees its validity. Necessary and sufficient conditions for the vanishing of terms containing

higher derivatives of the trace norm merit further study.

6.3 Negativity growth in various systems

The derivatives of negativity can now be calculated by knowledge of the density matrix and its derivatives
at a specific instant in time to. This is often much simpler than computing p?2 (¢) for all times, finding
all of the eigenvalues, and then differentiating the sum in Eq. . Moreover, the latter method can
be difficult to implement numerically, as it relies on derivatives of absolute value functions, which can
lead to spurious results if not treated carefully. Here we introduce some physical systems to exemplify

the usefulness and robustness of our method.

6.3.1 Jaynes-Cummings model

A commonly used model in quantum optics is the Jaynes-Cummings model (JCM), which characterizes
a two-level atom interacting with a single quantized mode of a bosonic field. The JCM has been the
subject of much theoretical and experimental work [216] [269], including recent theoretical studies of its

entanglement properties [223] [[2I]. The JCM Hamiltonian is given in units of h = 1 by
Hyem=wl®adla+(w-A)sleel-ig(6wa’ -6t ®a), (6.54)

where a is the bosonic annihilation operator for the field, & = |g) (e| lowers the atom from the excited
state |e) to the ground state |g), w is the frequency of the bosonic mode, A is the detuning between
the mode and the atomic transition frequency, and g is a coupling constant [223]. The Hamiltonian
conserves total excitation number I ® afa + 676 ® I, restricting the dynamics to systems of size 2 x N,
where N is the number of Fock states of the bosonic mode that are coupled to by the initial conditions.
This subsumes systems for which the PPT criterion is sufficient (N = 2, 3), as well as systems that can

have vanishing negativity yet remain entangled (N > 3). We use this model to explore both types of

systems, as delineated by the [Peres-Horodecki Criterionl

As a first example we choose the initial conditions p(tg) = [¢o) (0|, |¥0) = |e) ® |3); the atom is
in its excited state and the field has three excitations. The state of the system for all time is given by
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Figure 6.1: Evolution of the entanglement measures negativity N (blue solid lines), second-order Rényi
entropy Sy (brown dashed lines), and logarithmic negativity Exs (green dot-dashed lines) in the Jaynes-
Cummings model for the initial state |e) ® |3) and parameters (w, A, g) = (10,1,5). (a) Entanglement
measures and (b) time-derivatives of entanglement measures versus time, with time in units of 27 /Q.
The time derivatives involving negativity are calculated using Eq. . The measures agree in regions
where entanglement is increasing, decreasing, maximal, minimal, and absent. Notably, negativity is
initially more sensitive than Rényi entropies to growth in entanglement from the initial, separable state;
the Rényi entropy does not grow linearly in time around ¢ = 0. We exemplify the success of Eq. (6.47)
by plotting a tangent to the negativity curve in (a) with slope found from the derivative curve in (b).

p(t) = [ (6)) (4 ()], where
. oit(A—8w)/2
(1)) = e et ) = [49 sin (?) 19) @ 14) + (ﬂ cos 2 in sin?) o) @ |3>} ,
(6.55)

and we have defined the Rabi frequency through Q2 := A2 + (49)2. The negativity can be calculated
analytically for this system, which has an effective dimension of 2 x 2 at all times; the atom Hilbert
space is spanned by |g) and |e) while the field Hilbert space is spanned by |3) and |[4), with excitations
trading between the two subsystems. We find, using , that

AN 2g sin () [AQ + (49)* cos Qt]
& : (6.56)
dt Q\/A2 (1 — cos Qt)® + Q2 sin? Ot

which agrees with the result obtained by differentiating with respect to time. We plot the negativity,
second-order Rényi entropy, and logarithmic negativity for this system versus time for some fiducial
parameters in Fig. All of these quantities act as entanglement measures for the 2 x 2 system, as
guaranteed by the PPT criterion. Of note, the measures involving negativity are initially more sensitive
than the Rényi entropy, as the former grow linearly with time from separable states while the latter

grows only quadratically [121].
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Figure 6.2: Evolution of entanglement monotones in the Jaynes-Cummings model for the initially bound-
entangled state given by Eq. (6.57) and parameters (w, A, g) = (10,1,5). The negativity (dotted black
curve) and Rényi entropy (dot-dashed blue curve) no longer oscillate with a single frequency, so we

measure time in units of 27/g. We plot the second-order expansion from Egs. (6.47) and (6.48) about
various time points (solid orange parabolas); these agree with numerically-calculated derivatives of Eq.
(4.6)) in regions where the graph of negativity is both concave and convex as a function of time. Moreover,

at times when the Rényi entropy is changing yet negativity is constant, our method successfully captures
the dynamics of negativity.

To investigate a system for which the PPT criterion is not sufficient, let us choose the initial state

poclg) (gl @ [4(10) (O] + 1) (1) +9(2) (2 + [3) (3])]
+ le) (el @ (10) (O] + 1) (1] +12) (2] + [3) (3])
+{lg) (el @ [2(|1) (O] + |2) (1) + 3[3) (2[] + H.c.},

which was shown in Ref. [223] to have zero negativity while remaining entangled (these states are
‘bound’ entangled [270, 271]). The negativity and second-order Rényi entropy are plotted in Fig. [6.2
for the same fiducial parameters as in Fig. [6.1] There are distinct regions in which the negativity fails
to witness entanglement, i.e., in which negativity is zero and Rényi entropy is nonzero (such as ¢ = 0).
The first and second derivatives, given by Egs. and Eq. , agree to machine precision with
the results obtained by differentiating . We also plot in Fig. the second-order expansion found
using Egs. and about an assortment of time points to show that our equations capture
the negativity dynamics even in regions where negativity is constant, in intervals when p’? is positive
semi-definite, and in the presence of bound entanglement. One may also use our method to analyze how
negativity changes with respect to the system parameters A and ¢ in order to explore how entanglement

in the JCM is sensitive to the entire parameter landscape.

6.3.2 Open system dynamics: entangled cavity photons

The perturbation theory developed above admits variations of negativity with respect to any parameter
1, given the derivatives 0"p/0u™. In the JCM examples, we used time as the perturbation parame-

ter, with the unitary evolution equation dp/0t = —i[Hjcm, p]. A natural extension of our method is
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P

Figure 6.3: Dependence of negativity on system parameters in an open quantum system. (a) Evolution
of negativity with respect to time (black, dashed curve), and perturbative expansions to second order
using Eqgs. and at time points ¢ = 0.4 (brown), ¢ = 0.8 (blue), and ¢ = 1.2 (green). The
initial mixing parameter is set to p = 0.35. Negativity decays to 0 in finite time, beyond which all of
the derivatives vanish, as successfully captured by our perturbation theory. Time is measured in units
of the decay constant defined in Ref. [274]. (b) Negativity (solid lines) and its derivatives with respect
to the initial mixing parameter p (dashed lines), for the same three time points as in (a) (¢t = 0.4 is
kinked at p = 0.14, t = 0.8 at p ~ 0.04, and ¢t = 1.2 at p ~ 0.43). Regardless of time, negativity reaches
a minimum for a particular value of p. When ¢ is small, negativity reaches a minimum for some p = pq
between 0 and 1; py is not monotonic with ¢. When t is sufficiently large, negativity vanishes for all
p below a critical value, as seen in the ¢ = 1.2 curves. The derivatives are again calculated using Eq.
, and agree numerically with those found by differentiating N (p).

to parametrize non-unitary evolution; we can ask how negativity changes with time in systems whose
dynamics are coupled to other, external systems. Sometimes the external systems themselves are re-
sponsible for the entanglement generated with time [272]. We can also ask how negativity changes with
respect to other parameters, including dynamical parameters and initial conditions. In this section we
exhibit the versatility of our method in another quantum-optical context.

Negativity has recently been studied in the open system of a pair of cavities coupled to a pair of
reservoirs with a flat spectrum [273] 274]. The authors of Ref. [274] showed that an initial mixture of

maximally-entangled pairs of cavities, with states given by

peav(t = 0;p) = p i) (Y| + (1 =p)|d) (], 0<p<1
|9) o< 0) @10) +[1) @ [1), (6.57)
|9) o< [0) ®12) +[1) ® 3),

can exhibit entanglement sudden death; viz., negativity can decay to zero in finite time [275] 276].
Furthermore, the cavity states coupled to by the dynamics are of dimension 2 x 4, so the PPT criterion
does not hold in this system. The authors supply an analytic expression for peay (t; p) (see Sec.
below), which can be compared to our perturbation theory method (Fig. [6.3)).

In Fig. a) we see a perfect agreement between our perturbation theory and the evolution of
negativity with respect to time in this open system for a particular value of p. The dynamics are fully
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captured, including the time beyond which negativity decays to 0 and remains unchanged.

Fig. b) shows negativity and its derivatives from Eq. with respect to the initial mixing
parameter p at various time points. The derivatives again match those found by differentiating Eq.
to machine precision. They give insight into the entanglement sudden death phenomenon, showing its
dependence on initial conditions, as studied in depth in Ref. [274]. Depending on the amount of initial
mixing between the two entangled states |t1) and |1¢), negativity decays at different rates with respect
to time. For time evolution, negativity eventually reaches zero and remains there. With respect to p,
negativity exhibits another sudden death feature: it decays to zero with shrinking p at sufficiently long
times. However, at shorter times, negativity reaches a minimum at intermediate values p = pg, then
grows again for increasing |p — po|, where the py values are are highly sensitive to the time at which they
are being evaluated. Our perturbation theory is an excellent tool for probing these complex phenomena

or the dependence of negativity on any parameter p in all systems for which dp/du is known.

6.4 Quantum speed limits and bounds on negativity growth

The techniques we have developed can also be readily adapted to other functions of quantum states
and observables. For example, our perturbation theory can immediately be applied to any dynamics
involving the trace norm. This includes the trace distance 3 ||p — o||, between two states, which has
been used, for instance, to investigate non-Markovian systems [277, 278, 279, 280]. It has been shown
that non-Markovianity holds when the trace distance between two states undergoing the same dynamics
increases over time [277], a condition that can now be investigated using our matrix calculus techniques.
The fidelity between quantum states F'(p,o) = ||\/ﬁ\/3||1, the Hilbert-Schmidt distance Dyg(p, o) =
lp—oll%4s = tr[(p — o)T(p — )], and other norm-based functions of the density matrix are all matrix
functions for which the argument’s patterns must be considered, as we will prove in the following section.
In this section we give an example of how our techniques can be applied more broadly in quantum physics
by studying quantum speed limits, which usually involve bounds on 2 [p(t) — p(0)|| for some norm (see

[281] for a recent review).

The original quantum speed limit, the Mandelstam-Tamm bound, applied a generalized version of
the Heisenberg uncertainty principle to find a lower bound on the time 7 for any pure state of a quantum
system [¢(0)) to evolve into an orthogonal state (¢ (7)[¢(0)) = 0:

™ h

> =_——. 6.58

T2TQSL= 5 A (6.58)

As the Mandelstam-Tamm bound was an attempt at formalizing the energy-time uncertainty relation
AtAFE Z h, which is not the consequence of any canonical commutation relation as opposed to AzAp 2 h,
it naturally is phrased in terms of the uncertainty in the Hamiltonian, AH. While this bound always
holds, it is not always tight. A second approach to the derivation of the minimal time for orthogonal
evolution used the time-dependent Schriodinger equation and resulted in the slightly different Margolus-

Levitin bound,

T h
T 2 TQSL = 2 (H) (6.59)
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In fact both bounds hold true, and it can be show that the unified bound is tight,

™ h w h
TQSL = max <2AH’2(H)> . (6.60)

When extending quantum speed limits to the case of mixed states one can no longer simply consider
orthogonality as the obvious endpoint of evolution. In same spirit, though, we can instead consider mea-
sures of distinguishability, and determine the time required for a state to evolve to a certain distinctness.
Orthogonal pure states are perfectly distinguishable, but we cannot expect perfect distinguishability for
generic mixed state evolutions. Even so, there are many valid measures of distinguishability, such as
the trace distance, fidelity, or Hilbert-Schmidt distance mentioned above. For our purposes, we notice
that all of these measures can be reduced to matrix norms in the representative form ||p(t) — p(0)||. The
rate of change of this type of quantity is then telling us about the speed of quantum evolution through
the space of density matrices, according to a distance measure determined by the choice of norm [282].
An upper bound on this evolution speed, for any appropriate norm, would represent a fundamental

limitation on the speed at which a quantum system can evolve,

vass > v = llp(t) — p(O)], (6.61)

and, if desired, a speed limit vggr, could be turned into a speed limit time by averaging,

T

TQSL = 7. (6.62)
Q fOT dt vqst,
As we have pointed out, explicit computation of derivatives of this type must be carried out with careful

attention to the Hermitian pattern of p.

The patterned derivatives for the trace norm from already leads to an interesting bound of the
form on the evolution of quantum systems, but in the following we will consider the much more
general set of Schatten p-norms

X[, = (X 7). (6.63)

By computing the patterned derivatives of this norm, we will be able to bound the evolution speed

4p(t) — p(0)[|, in terms of ||p||,, which is directly connected to the equations of motion of the system.

Following the same procedure as before we start with the unpatterned derivatives. The differential
is

dl| X1 = (1X],)" ~Pte(| X [P~ Hd] X]), (6.64)

and from d(| X||X|) = d(XTX) this can be reexpressed as

1 _ -
dIX [y = 5(IXlp)" Per(| X[~ (XTdX + dXTX)). (6.65)

At this point it is convenient to vectorize,

1
| X|, = 5(||X||p)1_p[vecT(|X|p_2XT)KdvecX + vecT (X | X [P~2)dvec X*], (6.66)
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which allows us to read off the derivatives
1 _ _ 1 _ _
Dx|[|X], = §(HX||p)1 Pvec (IXPPPXT) K, Dx-|| X[, = §(||X||za)1 Pyec” (X|X[P~2). (6.67)

For the application to quantum systems, we require the Hermitian derivative for AT = A as in (6.19)
which simplifies to
Dal|Allp = (|All)"Pvec” (AJAPP~?)K. (6.68)

As a check, putting p = 1 reproduces the trace norm results (6.24)) and (6.25):
1 1
DX | = vee (X[ XTK, D X[ = Svec (x|x| ), (6.69)

D4l|All; = vecT (A|A|7HK. (6.70)

Another interesting intermediate result comes from setting p = 2, which gives the derivatives of the
Hilbert-Schmidt norm

Dx|X|2 = vecT (X*), Dx-||X|2= vecT (X)), (6.71)

1 1
2[|x]l2 21X
Dal|All2 = ([|A]l2) " vec (A)K. (6.72)

The desired quantity % [|p(t) — p(0)]| , 18 now found through a simple application of identity (6.5),

d|p(t) — P(O)Hp Ovec p(t)
7 B Dy le(t) = p(0)]], 2
= (llo(t) = p(0)llp)" Ptr{lo(t) — p(0)]lp(t) — p(0)I"~24}.
We can bound the evolution speed in terms of |||, by first using the operator inequality [tr(A)| < tr(|A]),
leading to

e~ PO, | L= OW] < (18) — )l )=710 [1te) = p(O) — o018 (674

Next we can apply Holder’s inequality for the Schatten norms

Y Z|y =ty Z] < [[Y]|4]|1Z

q*> (675)

where ¢,¢* are chosen such that the norms are dual, 1/¢ + 1/¢* = 1. With the judicious choices
Y = [p(t) — p(0)]|p(t) — p(0)|P~2, Z = p, g = 527, and ¢* = p, Holder’s inequality precisely dictates that

d||p(t) — p(0
D=0 < 151, = vgsa. (6.76)

This relation was derived without reference to the particular dynamics of the system p, so it will be
valid for open or closed systems and for von Neumann, Lindbladian, or even non-Markovian dynamics.
Simply put, ||p||, is a fundamental quantum speed limit for the evolution velocity through state space

measured with respect to the Schatten p-norm distance.

We now turn to another bound on quantum dynamics that can be proven as an extension of our
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results on negativity in this chapter. This time the focus will be on the rate of entanglement generation
rather than the state evolution itself. In particular, we will bound the rate of change of negativity in

terms of ||p]|1, similar to the quantum speed limit above.

Since negativity is, broadly, just the trace norm of the partial transpose, we will focus on the rep-
resentation presented in Sec. With the partial transpose map (6.16]) acting as in (6.14)), we find
from the necessary matrix superoperator (6.7)

P = (Ma® I )pla @ J7). (6.77)

ij

The trace norm of this expression can be bounded by applying the triangle inequality for each term in

the sums,
I, <X [ e T )pa e 53| (6.78)
]
and then with two applications of Holder’s inequality with ¢ = 1 and ¢* = oo,
o7l < 3 || (1w J) | elly || (R 2 )| - (6.79)
ij
The operator norm || - ||« appearing here gives the largest singular value of its argument, as opposed

to the trace norm which gives the sum of all singular values. This is a useful characterization since
singular values combine simply under the Kronecker product. If A has non-zero singular values O’,LA for

i=1...7r4, and B has Uf for j=1...rg, then A® B will have rank r4rp, and its singular values are

all the possible combinations O'ZAUJB . Given that singular values are non-negative and listed in decreasing
order, the operator norm of the Kronecker product is ||A ® Blloo = 01'0f = ||Al|cc|| B|oo. The previous

line then simplifies greatly to

2

o721y < el Nolly - |72 (6.80)
1j

These factors are quite manageable since ||I;, Hio =1, while >, HJ;; Hio =5, || Hio = dp, since the
eigenvalues of J¥ are 0 for i # j and 1 for i = j. Our explicit representation for the partial transpose

has allowed us to determine
o™, < dz o, - (6.81)

Before introducing dynamics, we can quickly improve this bound by noting that p74 = (pTB )T, which
means HpTA H1 = HpTB H1 Hence, the bound should be symmetric in d4 and dp. Indeed, repeating the

above computation for the partial transpose with respect to the other subsystem

da
pa=3 (J;JA ® HdB) P (J;JA ® ]IdB> , (6.82)
ij
gives
o™, < dallpll; - (6.83)

This proves the stricter bound
1p7= |, < min(da, dp) llpll, (6.84)
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In fact this bound is tight, since maximally entangled states saturate it. Take the generalized Bell state

between two d-dimensional qudits,
d
1
Uy = — i, 7) - 6.85
W) \/&;:olj 7) (6.85)

Its density matrix p = |¥) (¥| is normalized to unity in the trace norm, whereas the partial transpose
pTE = éijzo li, j) (j,i| has d? singular values equal to 5. Hence ||p7||; = d||p||; for this class of states.
We can now make use of our first main result of this section, (6.76]), to find a bound on the rate of

change of our proxy for negativity, ||p?2||1, from (6.84)):

< min(da,dp) ‘8”8'3”1

< min(da,dg) ||pl; - (6.86)

o™,
ot

The quantum speed limit (6.76]) has allowed us to bound the growth of negativity directly in terms of
the system’s dynamics. As an example, the basic case of unitary evolution under Hamiltonian H could

be treated by first rewriting the dynamical term as
1Ally = 1Hp = pH|ly < [|Hplly + |pHIl, < 2[|H]]; . (6.87)

These steps use the triangle inequality, sub-multiplicitivity which all Schatten p-norms obey, and the
normalization of p. If we also reinstate the negativity according to its definition (6.1) we have a new

bound on entanglement dynamics
@) < min(da, dp) |1H], - (6.88)

We note that self-energy terms in the Hamiltonian will not produce entanglement, so one would expect
that a bound on entanglement dynamics should involve only the interaction terms of H. To resolve this
issue we note that constant terms in H do not contribute to entanglement either, but do still affect its
trace norm. Therefore this upper bound can be lowered by adding a constant multiple of the
identity to H such that ||H + Al||; is minimized. Doing so can be thought of as cancelling out the
influence of any self-energy terms on the ||H ||, side of the bound, while not affecting ’J\f (t)‘

6.5 When is patterned matrix calculus required?

It may seem inconsistent that this chapter has emphasized the importance of taking into account the
Hermiticity of the density matrix for derivatives of negativity, while in Chapter [5| this issue was ignored
completely. Indeed, the subtleties of patterned matrix calculus have been ignored in many calculations in
the literature, yet are unavoidable when studying negativity as done here. In this section we explain the
major difference between negativity and, for example, Rényi entropies, which entails that patterns can
be ignored for the latter, but not the former when taking derivatives. Our result is a theorem stating that
for complex analytic matrix functions, that is, for functions G(X) that do not depend explicitly on the
complex conjugate X, there is no functional difference between patterned and unpatterned derivatives.
First, we recount the calculus of complex, patterned matrices developed in [267, 283] 284 285] and
summarized in [261]. This calculus was used in [261] to rigorously compute the derivative of a scalar

function with respect to a Hermitian argument (6.19)), and also provides a rigourous derivation of our
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result on patterned Hessians ((6.36)). After this introduction to the formal calculus, we leverage it to prove

a theorem on the types of functions for which patterned and unpatterned derivatives are not equal.

6.5.1 Formal calculus of complex patterned matrices

Consider F (P,W,W*), a differentiable, complex matrix-valued function of a real matrix variable P, a
complex matrix variable W and its complex conjugate W*. The differential of such a function is given
by

dvec F' = (DpF) dvec P+ (Dw F) dvec W + (D~ F) dvec W™, (6.89)
where the differentials of P, W and W* are independent, and the Jacobian DpF'| for example, is
(6.90)

Fortuitously, the differential commutes with vectorization, tracing, transposition, and conjugation:

d(vecX) =vec (dX), d(trX) = trdX,

- (6.91)
d(X")=(dX)", d(X*)=(dX)".
Also, derivatives in this formalism satisfy a chain rule; for a composite function
H(P,W,W*)=GI[F(P,W,W*),F*(P,W,W")], (6.92)
we have
DpH = (DpG) (DpF) + (Dp+G) (DpF™), (6.93)
Dw+H = (DrG) (Dw+F) + (Dp+G) (Dy~F*). (6.95)

We must employ a careful strategy for taking derivatives with respect to a matrix if there are any
elements in that matrix which are (possibly constant) functions of the other elements. Such an approach
was developed in [283] 284] 285] and we summarize it here for a differentiable function G(A4, A*) of a
complex patterned matrix A:

(1) Let F be a function that acts on a set of unpatterned matrices [P, W, W*| to make a patterned
matrix A = F (P,W,W*). This function must be differentiable with respect to P, W, and W*, and a
diffeomorphism between the sets of patterned and unpatterned matrices. That is, F must be a smooth,
bijective function whose inverse is also smooth. The number of independent parameters contained in

P, W, W* that fully parametrize the set of patterned matrices should be minimal.

(2) Let X be an unpatterned matrix with the same size as A. Extend G to act on unpatterned
matrices and find its derivatives DxG (X, X*) and Dx~G (X, X™). Use the chain rule for G(A, A*) =
H (P,W,W*) as in (6.92) to find

DpH = DxG(X,X*)‘XZADpF + DX*G(X,X*)‘XZADPF*, (696)
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etc., where patterns are applied after differentiation.

(3) The derivative of G(A, A*) with respect to the patterned matrix A is given by
DAG = [DpH, DwH, Dy~ H] DoF . (6.97)

In other words, one should find a minimal basis to represent the set of patterned matrices A, compute
derivatives in this basis, then transform back to the standard basis. The diffeomorphism F'(P, W, W*)
represents the transformation from the minimal basis to the standard basis, while its inverse F'~!(A)

produces a vector of matrices [P, W, W*|T.

6.5.2 Analytic functions of matrices

In this section we discuss a sufficient condition for when consideration of matrix patterns is unnecessary
in taking derivatives of functions with respect to those matrices. Let G(X, X*) be a matrix-valued
function that is differentiable in matrices X. Suppose that G(X, X™*) is analytic in the sense that it
is independent of X*, i.e., Dx«G = 0. Let A be a patterned matrix with the same size as X, and F
an appropriate diffcomorphism acting on the minimal set of matrix parameters [P, W, W*| such that
A = F(P,W,W*). Define H so that H(P,W,W*) = G(A, A*) as in the beginning of Sec. [6.5.1 We
have, from Eq. , that

DpH = DxG (X, X*)|x=aDpF, (6.98)

and similarly for Dy H and Dy« H. This means that Eq. now reads
DAG = DxG|x=a|DpF, DwF, Dy-F]D,F~". (6.99)
But, by construction, the diffeomorphism F satisfies,
[DpF, Dw F, Dy~ F]DAF~' =1, (6.100)

since this amounts to changing from the standard basis to the minimal basis and back [261]. Thus we
can see that
DAGZD)(G|X=A. (6.101)

The conclusion we draw is as follows: for functions independent of the complex conjugate of their
argument, taking the patterned derivative is equivalent to differentiating with respect to the unpatterned
argument and evaluating it at the patterned matrix. The Schatten p-norms, including the trace norm,
do not obey this condition, and we found their patterned derivatives to have a different form compared

to the unpatterned counterparts.

6.6 Discussion

In the preceding sections, we have provided a means of computing the perturbative expansion of the
entanglement negativity. The complete expressions require knowledge of the partial transpose p”2 at the
expansion point; of the partial commutation matrix K g, which we have presented explicitly in various

convenient forms; and of the dynamics of p.
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Because the trace norm is not differentiable at points where p”® is singular, we assumed that p’5
was invertible in our discussion. It would be interesting to know the conditions for p”# to be invertible
based on properties of p. There is, to our knowledge, no straightforward relationship between the rank
of a general density matrix and the rank of its partial transpose. On the other hand, we can make some
conclusions by considering pure states. Let o = |1} ()| be a pure state in a bipartite Hilbert space with
dimensions d4 x dp and let r be the Schmidt rank of |¢), the number of non-zero coefficients in its
Schmidt decomposition. From [286], we know that the matrix rank of ¢77 is r2. Since r is bounded
from above by the minimum of {d4,dg}, 07# having maximal rank implies that r = d4 = dp. For pure
states, then, 77 = (|1) (])"® is invertible if and only if the Schmidt rank of [¢) is maximal and the
dimensions of the subsystems are equal.

7B it might be possible to apply our analysis to the evolution of p in an r2- dimensional

For singular p
subspace where p’® is supported. Otherwise, the trace norm still has a well defined subdifferential
because it is convex [260]. It may be possible to optimize over the set of subgradients given extra input,
such as the global bound N > 0, to determine the evolution of N (¢) around singular points and find a
one-sided derivative. We leave these ideas for future exploration.

Many calculations have been presented in the literature involving functions of density matrices that
seemingly did not require patterned matrix calculus, including those of the previous chapter. We ad-
dressed this intriguing discrepancy by showing that negativity and Rényi entropies belong to very dif-
ferent classes of functions from the point of view of patterned matrix calculus. We proved that analytic
matrix functions, those that do not explicitly depend on the complex conjugate of the argument, will
have equivalent patterned and unpatterned derivatives. It is only for non-analytic functions that one
needs to recruit these more subtle techniques. This coincidence allows one to gloss over the patterns
of the density matrix when studying common functions like Rényi entropies S, (p) = ﬁ log tr (p®)
[214, 121]. In contrast, the trace norm || X||; = trv XTX explicitly depends on the complex conjugate
X*, so that the negativity is not analytic in this sense. The most common examples of non-analytic
matrix functions are matrix norms, like the family of Schatten p-norms studied in Sec.

The primary challenge in our perturbative expansion was in the correct application of patterned
matrix calculus to the problem. The salient pattern was the Hermiticity of the density operator, which
implies Hermiticity of its partial transpose. We were able to extend the approach taken in [261] to
compute the first and second derivatives of the trace norm with respect to a Hermitian argument.
However, Hermiticity may not be the only pattern at play. Density matrices are also normalized to have
unit trace, and evolution may conspire to endow additional structure to the partial transpose.

As we have discussed, patterned derivatives can be found by first computing unpatterned derivatives,
and subsequently imposing patterns on the result. Hermiticity is a strong condition which, as we showed
in Sec. destroys the independence of the complex differentials dvec p”® and dvec (pTB)*. Hence,
imposing Hermiticity greatly alters the functional form of the derivatives, resulting in .

By contrast, the unit trace condition for p’® introduces some dependencies among the diagonal
elements, but this structure does not affect the patterned derivatives. The unit trace condition is a
numerical constraint that does not change the functional form of the derivatives, and can simply be
applied to the unpatterned derivative. For this reason we have not endeavoured to treat it with the
same rigour as Hermiticity.

Additionally, some readers may also have been perturbed to notice that no consideration was given
to the patterns of p when computing dvec p?2 /0 vecT p in . One way to explain this is that the
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function that maps vec p to its partial transpose vec p’2 =

Kpvec p is constant, depending only on the
dimensions of p, and hence is functionally independent of p*. It is an analytic matrix function, and Sec.
[6-5:2] shows that its patterned and unpatterned derivatives must be equivalent.

Since we allow for general dynamics of p(t), in theory its evolution might induce patterns on the
partial transpose beyond Hermiticity. For example, one can conceive of a Hamiltonian that keeps p’®
positive semidefinite for some time interval, indicating a protracted separability or bound entanglement.
In such a scenario the patterned derivatives may be functionally different from the Jacobian
or Hessian , and would need to be treated on a case-by-case basis. However, we have seen in
Section that our expansion correctly predicts zero evolution of the negativity when p”# is positive
semidefinite for an example system.

Our analysis can be applied to probe changes in negativity in a broad assortment of physical sys-
tems, and the techniques we employ can be readily adapted to other functions of quantum states and
observables. Studies of phenomena as disparate as phase transitions [287], quantum quenches [259] 253],
and beam propagation [288] can harness our methods in their investigations of negativity. In Sec.
we demonstrated two distinct uses of our techniques to bound the rate of evolution of general quantum
systems with a quantum speed limit, as well as providing a bound on entanglement dynamics through
negativity. The first main result, eq. , limits the rate at which any quantum state can evolve in
state space, according to the distance measure induced by the Schatten p-norm. This hearkens back
to the original quantum speed limits for a pure state to evolve to an orthogonal state. Our quantum
speed limit also allowed us to also provide a bound on the growth of negativity in terms of the
Hamiltonian for closed systems.

One especially interesting application of our calculus is to the linear, or nearly linear, growth of
entanglement observed in a large class of many-body systems using entanglement entropy [207, 210]
and, more recently, negativity [258, 259]. In critical systems, quasi-particles produced by a quench
spread at a uniform velocity, leading to an emergent lightcone-like behaviour and exactly linear growth
of logarithmic negativity. For more general systems, quasi-particles can propagate at varying speeds,
leading to an approximate linear growth that has been studied numerically [259, 253]. Our approach to
the derivatives of negativity provides a new avenue to analytically explore the conditions under which
second and higher derivatives of the negativity will vanish.

Our techniques can even be employed for classical applications of complex patterned matrices, such
as analyzing the condition number for Mueller matrices [289], whose patterns are discussed in [290].
Understanding the evolution of entanglement and other functions of complex patterned matrices will

have ramifications for an expansive range of fields in the near future.

The remainder of this Chapter contains technical details.

6.7 Vectorized representation of the partial transposition map

Here we derive Eq. (6.16]), where the partial transposition map Ts = I®T is recast to act on vectorized
dadp X dadp matrices as in , and takes the form of , namely K = Zl BZ-T ® A;. This is
accomplished by finding the action of Tz on each element of the standard basis of matrices, and then

vectorizing.

The standard basis consists of single-entry matrices (J% ) = §;;0;, with the following ordering (we
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reserve J% with no subscript for the dadg x dadg case):
{Jl,l’J2,17'” ’JdAdB—LdAdB’JdAd&dAdB}' (6.102)
If we parametrize ¢ and j by
it=(a;—1)dp +b;, j=(a; —1)dp+1b;, (6.103)
with 1 < a;,a; <d4 and 1 < b;,b; < dp, then we can decompose J¥ as
Jii — jlai—1dp+bi,(a;—1)dp+b; _ J;l:aj ®J§;’b’9 (6.104)

using m x m single-entry matrices J%. From this we can read off the action of the partial transposition

transformation on the basis elements

.. oy b;,bs o ) o )
Tp (JY) = J30" @ Jp0 = g Ddstbs(a=dntb: (6.105)
In the vectorized representation we use the basis {vec J'!, vec J21, ... vec Jtade—Ldads yec jdads,dads)

and the action of Ts on basis elements is determined by vectorizing both sides of such that
vecTp (Jij) = KpvecJY. Kpis a (dAdB)2 X (dAdB)2 permutation matrix whose elements can be ex-
pressed in terms of the single-entry matrices J(‘ZA dp)?? with 1 < ¢,7 < (dad 3)2. Note that these matrices
are larger than the matrices J* with no subscripts. The vec J* basis element has its non-zero entry in
position r = (j — 1)dadp + i. Hence, the r* column of Kp is equal to vec T (Jij). From we
see that partial transposition takes i — i’ = (a; — 1)dp + b; and j — j' = (a; — 1) dp + b;, so the r'b
column only has a non-zero entry in the ¢*" row, where ¢ = (j' — 1) dadp +1’. This non-zero element of
Kp can be expressed as

I(Z,j) :J(j'f1)d2AdB+i’7(j*1)dAdB+’L' _ le,j ® Ji’ﬂ; _ J(aj—l)dB+bi7(aj—1)dB+bj ® J(ai—l)dB-‘rbj,(ai—l)dB—l—bi.
(dads)

(6.106)

Every vectorized basis element vec J¥ matches with an element I (4, j), so that Kp is the sum of all

such elements:

da dp
Z Z J(ajfl)dBeri,(aj*l)dB*Fbj ® J(aLfl)dB+bJ,(a171)dB+bL

ai,a;=1b;,b;=1

dp da da
Z (Z J(a—l)dB+b1:,(a—1)dB+bj> ® <Z J(a—l)dB-‘rbj,(a—l)dB-i-bi)

bi,bj=1 a=1 a=1

dp da da
-y ( JPt® JS;’”) ® (Z I3t ® JSQ“)
1 a=1

bi,bjzl a=

Kp

(6.107)

dp

=Y (o) e (l,esp™),
bi,by=1

This is the form we presented in (6.16]).

Another representation of K involves a more optimal basis choice. Consider a symmetric matrix,
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E, an antisymmetric matrix, O, and an arbitrary matrix, X. Notice that

T3(X®@E)=X®FE' =X®E, (6.108)
Tp(X®0)=X®0"=-XO0. (6.109)

Therefore the partial transposition map has as its eigenoperators matrices of the form X ® E (eigenvalue
1) and X ® O (eigenvalue -1). With this in mind, we can define bases Eg and E, of the symmetric and

antisymmetric matrices, respectively:

Bs = {73, + i, - T i} (6.110)
Exs = {ng — T li # j} ; (6.111)

which gives us a basis for the combined system
E = {Jéi}@(Es UEas). (6.112)

Kp is diagonal in the (vectorized) basis E; if we assume the basis matrices are all normalized by their

Frobenius norm and order the basis so that the symmetric matrices come first, it has the form

I, 0
KE = , 6.113
- ] o

where I, is the k x k identity matrix with k = d% |Es| = 3d%dp (dp + 1), and I is the [ x [ identity
matrix with [ = d% |[Eas| = %didg (dp — 1). We can thus write

Kp=VEKE (VBT (6.114)

where VE has as its column vectors the vectorized matrices from E.

6.8 Simplifying the Hessian of the trace norm

To obtain the simplified expressions for the trace norm Hessian presented in Egs. (6.45)) and (6.46[), we
use identity (6.12]) as well as a commutation rule for the matrix K and the inverse of a Kronecker sum.

Supposing X @Y is invertible, and remembering that K is self-inverse, we have

KXoY)'=[(XeV)K]'=[KYeX)'=YaoX) 'K (6.115)
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We can now write down the B matrices introduced in Eq. (6.31]) using (6.44) in (6.41)),
_ -1\ T -1 -1 -1 n
Boo=(1X17) w1-aex) (1X17)_(1e1x17) (1X17)_ e x),
B -\ 7 —1 -n\7T T
Boi = - K (X ®I) (|X| ) (|X| ®11) (\X| ) ([ X7T),
@ @ (6.116)
Bio=— K (X*®]1) (|X|*1)69 (11 ® |X|’1) (\Xrl)@ (I X1,
_ « -1\7 -1 -1\ T T
Bu=—@ex) (IXI7)_ (XM er) (IXI7)_ @ex”).
The unpatterned Hessians are then

Hicix (1X]1) = =5 (X" &1 (X]a)™ (1X17)_(1X1e)™ (10 X7),

Hoxx x+ (

X[) = 3K (X oD (X5)7 (7)) (X5 @exT), @)

Hx x+ (

Xl =5 (X177 @1- 5 @0 X) (x1e) ™ (1X17), (K1) (T2 X7) = 0 x [1X])"

These are combined to form the patterned Hessian with respect to a Hermitian matrix A (6.36)),

A laly = 5 [(1X17) - Xa (1) ™ (1X17)_ (%) xE] o )

which was presented in (6.45]). We can simplify this equation with the eigendecomposition A = UAU'
by noting
Ag=AT@oA=(U"aU)(AaA) (UTaUT),

AT o , (6.119)
[Alg = A" ® |A| = (U 2 U) (Al @ |A) (U" @ UT),

and so on. Continuing in this manner, the patterned Hessian can be written solely in terms of the

eigendecomposition as
1 . _ _
Haa (A1) =5 K ©0) (A7 & A1)
— (Ao A) (M@ [A)T (AT @ AT (A @A) T (A e M) |(UT 0 TUT)

=K o U) [(Al 9 AD? — (A @ AY] (A& 1A (A @ A )" @ U)
=K(U" @ U)[[A] @ [A] - A @ A] (Al @ |A) 7 (A7 @ [A]7H (U7 @ U)
=K(U" @ U) I - signd @ signA] (1A @ A]) (|A] & |A) 7 (141~ & A7) (UT @ U)
=K(U*®U) I —signA @ signA] (JA| @ [A) "' (U7 @ UT),

(6.120)

Here, we use that all the matrices involving A are diagonal and commute to simplify the Hessian. The
final line was presented in ((6.46)).
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6.9 Details of open system dynamics

As per Ref. [274], the initial state of the pair of cavities is given by Eq. (6.57]), and each cavity is coupled
to a reservoir with N — oo modes. Defining two amplitudes ¢ (t) = e=*/2 and x (t) = v/1 — e—¢, where

t is measured in units of some dissipative constant, the state evolves to

a1 0O 0 0 0 ag O 0
0 ax O 0 0 0 axy O
0 a3 O 0 0 ass
O I O I
aig O 0 0 aes
0 axy O 0 0 0 am O
0

in the {|0) ®|0),]0) ® |1),]0) ®|2),|0) ® |3),]1) ® |0), 1) ® |1),|1) ® |2),|1) ® |3)} basis, where the ma-

trix elements are given by

ann={@P+x"+x*—x%) /2 an =8 2-p+3(1—p)x*] /2, ass = (1—p)&* (1+3x*) /2,

ass = (1= p)E%?/2, ass =X (p+ x* —px*) /2, ase = &' [p+3 (1 —p) x*] /2, arr =3 (1 —p) £°X°/2,
ass = (1 —p)€¥/2, arg =& {P‘F\/g(l —P)Xﬂ /2, azr = /3/2(1 —p) &*X°, ass = (1—p)&°/2.

(6.122)

This can be used to calculate dp/dt and dp/0p in Egs. (6.47) and (6.48)), and can also be used to
explicitly calculate the eigenvalues of p for use in Eq. (4.6).



Chapter 7

Conclusion

In this thesis we have focused on applications of quantum information theory to quantum gravity through
the AdS/CFT correspondence, with additional work on the dynamics of entanglement in general quantum

systems.

The main results of Chapters [2| and [3| describe the refinement of a holographic duality that was
originally established for the maximally symmetric case of pure AdS, dual to the conformally invariant
vacuum state of a CFT [I32]. The duality allows OPE blocks, contributions to the OPE from a conformal
primary and its descendants, to be expressed as an integral of a dual bulk field over a geodesic. The OPE
block is a bilocal operator, depending on the two boundary points where the OPE is applied, and this
feature can be traced as the origin of the geodesic integrated operator’s diffeomorphism invariance. This
was a significant advance in our understanding of how the CF'T can encode the diffeomorphism invariance
of a gravitational theory, as most constructions of bulk fields from boundary data focus on local fields
[36, 104] which are not diffeomorphism invariant observables [I34] [I35]. The major shortcoming of this
duality was its heavy reliance on the symmetry of the vacuum state to determine the metric on kinematic
space and the equations of motion for OPE blocks. In the bulk, the same symmetry ensures that there
is a unique geodesic connecting the two spacelike separated boundary insertion points. This leaves the
duality in an uncertain state for any less symmetric setting, as the kinematic space will not be entirely
determined by symmetry, while in the bulk there will often be several geodesics connecting pairs of

boundary points.

We have argued that the duality continues to hold with some modifications in quotients of AdSs,
dual to CFT; states excited by the insertion of heavy primary operators. We chose to work in quotient
spacetimes as they have a rich spectrum of non-minimal geodesics which can wind around singularities, or
cross through black hole horizons, while the spacetimes still retain some symmetries of AdS. In the CFT
we explained how OPE blocks decompose into more fine-grained, quotient-invariant observables which
we termed partial OPE blocks. These new observables compute the contribution to the OPE from a
conformal family but each differ from the others by the monodromy of the OPE around the heavy primary
operator insertion in the state. We presented two different arguments that each partial OPE block is
dual to a geodesic integrated bulk field, where the geodesic can be minimal, non-minimal, or even horizon
crossing. In Section utilizing the residual symmetries of quotient spacetimes (the conical defects
in particular) we were able to show that geodesic integrated fields obey a wave equation on a region of

kinematic space, in a one-to-one correspondence with the partial OPE blocks. More generally, in Chapter

110
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we showed that the coordinate maps taking us from pure AdSs to various quotient spacetimes have
non-analyticities which induce non-minimal geodesics; acting with these transformations asymptotically
on OPE blocks and requiring observables to be single-valued induces the decomposition into partial OPE
blocks. Having the same origin, we argued that these quantities will in general be dual in AdS3/CFTs.

The significance of the partial OPE block / non-minimal geodesic integrated field duality is in its
ability to access information deep in the bulk of AdS. As mentioned in the Introduction, one major
goal of the AdS/CFT program is to reconstruct the gravitational theory entirely in terms of CFT data
without assuming anything about the bulk ab initio. Entanglement entropy data has proven to be a
useful starting point as the metric of the bulk can be extracted using the Ryu-Takayangi relation
wherever boundary anchored minimal surfaces reach. We noted, however, that typical CFT states will
have a dual geometry with entanglement shadows, regions where minimal surfaces do not reach. The
CFT3 observable called entwinement [102, [103], 291] has been proposed to be dual to the length of non-
minimal boundary anchored geodesics present in non-pure AdS3 spacetimes. As we have seen in several
classes of locally AdS3 spacetimes, non-minimal geodesics can reach all parts of the spacetime. Hence,

entwinement is a potential path to reconstructing the entire bulk.

Unlike the entanglement entropy of a boundary subregion, which is a measure of correlations among
spatially organized degrees of freedom, entwinement measures correlations among internal, discretely
gauged degrees of freedom. This is very similar to the way we constructed partial OPE blocks in Ch.
first removing a discrete gauge symmetry by lifting operators to the covering CFT, considering the

OPE in the cover, and finally projecting down to gauge invariant observables.

In a similar manner to how entwinement allows reconstruction of the metric deep in the bulk, our
proposal could allow reconstruction of bulk fields beyond the entanglement wedge. In the case of pure
AdSs the reconstruction of fields from OPE blocks has already been established [I32]. The OPE blocks
are first related to geodesic integrated fields, after which the geodesic integral can be inverted to leave
the bare AdS field smeared over boundary operators, the same representation as established by other
methods [36]. The geodesic integral in this case is a Radon transform on the hyperbolic disk, and explicit
inversion formulae are known for this highly symmetric scenario [292, [159]. When the bulk geometry
is not pure AdS, it may be possible to achieve bulk reconstruction within the entanglement shadow by
starting with partial OPE blocks. This would require inverting geodesic integrals in more complicated,
locally AdS backgrounds, a mathematical problem not yet solved in general. Another issue encountered
for general spacetimes in three dimensions is that some regions never contain geodesic turning points, a
situation analogous to entanglement shadows called entanglement shade [293]. This potentially blocks
reconstruction of these regions from entanglement or entwinement information in the CF'T, but has been
resolved by using entanglement of purification and its dual, the area of entanglement wedge cross
sections (|1.45). It is not yet known if entanglement of purification or its dual has a useful manifestation
in kinematic space.

Other considerations of non-extremal bulk surfaces in higher dimensional theories have been adressed
in [294], where differential entropy was extended by including shape derivative information. It
would be interesting to extend the higher dimensional kinematic space program to less symmetric space-
times using these ideas.

To date, kinematic space has mainly been used to examine general features of AdS/CFT that can
be constrained by conformal symmetry alone. It would be interesting to apply the kinematic space

proposal to a particular realization of AdS/CFT. For instance, one could study a chiral primary state
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in the D1-D5 CFT in the limit where it is dual to a conical defect in the bulk [I50]. This theory could
be used to study the behaviour of holographic complexity in black hole models through kinematic space
[169, [170].

In Chapters [5] and [6] we studied the dynamics of entanglement through the Rényi entropies and
negativity. For Rényi entropies we considered arbitrary von Neumann type dynamics starting from
initially pure, unentangled states, and showed that each Rényi entropy exhibits the same leading order
dynamics characterized by a timescale . Since the family of Rényi entropies is sufficient to com-
pletely characterize the entanglement of pure states, this timescale is a universal feature of bipartite
entanglement. We also showed similar results for next-to-leading order dynamics that only arise due to
surprising cancellations of terms that appear for a subset of the family of measures.

For pure states, negativity can be considered as the Rényi entropy for the parameter a = % [196], [60].
One may then wonder if the results of Ch. [5| also apply to negativity, but a review of the assumptions
made in our derivations shows that a = % is explicitly excluded. Indeed, negativity has drastically
different behaviour around pure separable states compared to the standard Rényi measures. For one
thing, negativity grows at first order in ¢ whereas Rényi growth started at second order, which could be
interpreted as negativity being a more sensitive measure of entanglement around separable states. In
order to compare these measures, we sought a perturbative expansion of negativity, but failed to find
analytic expressions for its derivatives presented in the literature.

In Ch. [6] we explained why this may have been overlooked previously, and why the calculus of pat-
terned matrices was necessary to solve the problemﬂ We identified that an expansion of negativity would
involve derivatives of a matrix norm with respect to a Hermitian argument which does not constitute
a set of independent variables as usually required in matrix calculus. After developing mathematical
tools for computing higher derivatives of matrix functions with respect to Hermitian arguments, we
applied them to the negativity and presented analytic expressions for its derivatives. We also proved a
condition for when the subtleties of patterned matrix calculus can be ignored, as had been done in much
of the quantum information literature; matrix functions which do not explicitly depend on the complex
conjugate of their argument (analytic matrix functions) will have patterned derivatives that equal their
unpatterned counterparts. Rényi entropies are examples of analytic matrix functions, whereas negativity
is not analytic due to the matrix norm used in its definition.

Finally, we applied patterned matrix calculus techniques to the larger class of Schatten p-norms in the
context of quantum speed limits. p-norms can be used as distance measures on Hilbert space to quantify
how quickly evolving states p(t) become distinguishable from the initial state p(0). We produced a bound
on the rate of change of distinguishability in terms of the p-norm of p(t) (6.76]). We then extended this
result to a bound on entanglement generation by considering the p = 1 case relevant to negativity. Using
our explicit expressions for the partial transpose operation we bounded the rate of change of negativity
in terms of the Hamiltonian’s norm .

To end this thesis we will present a question to be answered in the future. A different avenue to explore
which is concerned with the entanglement structure of holographic theories involves the inequalities
satisfied by Ryu-Takayanagi entropies. For ordinary quantum systems entanglement entropies satisfy a
number of inequalities with important physical meanings. These include subadditivity and, related
by purification symmetry, the Araki-Lieb inequality S(pag) > |S(pa) — S(pp)| for two subregions, as

1Technically logarithmic negativity has this property, not negativity.
2We find it interesting that the mathematical theory of patterned matrix calculus that we extended and applied to the
problem [284] [285] was developed several years after negativity was introduced [196].
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well as strong subadditivity (1.33]) and its equivalents for three subregions. To see the structure behind
these inequalities, it is helpful to introduce an abstract entropy space, where each direction corresponds
to the entropy value of states for a certain subsystem [295]. Then, the entropy inequalities restrict what

vectors in this space can be realized by the entropies of a quantum state.

To make this picture concrete, consider the entropy space for two subregions A and B. This space is
R? with axes corresponding to S(pa), S(pg), and S(pap). Subadditivity and the Araki-Lieb inequality

imply that there are three hyperplanes constraining attainable entropy vectors, explicitly

S(pa)+ S(ps) — S(pa) >0, S(ps)+ S(pas) —S(pa) >0, S(pap)+S(pa) —S(ps) > 0. (7.1)

Allowed entropy vectors lie within the convex cone delimited by these hypersurfaces in entropy space.
For three subregions A, B, and C' the entropy space is R?, and valid entropy vectors lie within a cone
defined by upliftings of the two-party inequalities, as well as instances of strong subadditivity. Generally,
for N regions, entropy space is RQN*l, but for N > 4 the inequalities defining the entropy cone are not
completely known. This is a major shortcoming of our current understanding of entanglement in general

quantum systems.

Slightly more can be said for holographic entanglement entropies which also satisfy subadditivity,
strong subadditivity, and inequalities related by symmetry [54]. In addition, they satisfy the three-party
inequality called monogamy of mutual information (MMI) (1.43)) [55]. While the two-party holographic
entropy cone is identical to its general counterpart, MMI further constrains the three party holographic
entropy cone [56]. Going to four parties, the known inequalities are sufficient in holography, whereas for
five parties there are five additional types of inequality satisfied by the Ryu-Takayanagi entropy which
are not always obeyed in general quantum systems [56]. Very recently a complete description of the
holographic entropy cone for five regions was presented [296]. For even larger numbers of subsystems
some new inequalities for holographic entropy are known, but it is undetermined if there are additional

unknown inequalities or not.

Holographic entropy inequalities directly put constraints on the geometries which can emerge through
entanglement in AdS/CFT. We can learn about the limitations of emergent spacetimes by studying the
extreme edges of allowed entropy space. Spacetimes with Ryu-Takayanagi entropies that saturate the
entropy inequalities are on the verge of failing to be holographic, so if we are able to construct such

geometries we may be able to extract insights about quantum gravity.

For subadditivity it is extremely simple to classify all the states which saturate the inequality: only
product states of the form pap = pa ® pp have I(A: B) = S(pa)+ S(ps) — S(pap) = 0, since these are
the only states with no correlations between A and B. This pattern of entropies appears for subsystems
of holographic states on one side of entanglement phase transitions as the minimal area bulk surface

jumps between connected and disconnected conﬁgurationsﬂ [511, 297].

Tt is much more difficult to establish the class of states which saturate strong subadditivity [298] 299],
but it is not to troublesome to describe them: states papc saturate the inequality (|1.33) when the Hilbert

3In quantum field theories spatial subregions are never completely uncorrelated, and the vacuum sector of Hilbert space
does not factorize, points we belaboured when discussing the Reeh-Schlieder theorem in Ch. The Ryu-Takayanagi
entropy produces I(A : B) = 0 for widely separated subregions, and hence implies a factorization structure, only to leading
order in the 1/G expansion, which is the regime we will discuss. Quantum corrections from bulk fields ensure that
expectations from the Reeh-Schlieder theorem are not violated [100].
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space of subsystem B factorizes as Hp = €D; H,r ® H,r, and the state takes the form
i J

pABC = @pijbJL & pyre: (7.2)
J

where p; is a probability distribution, papt € Ha ® Hyr and Porc € HbJR ® He. This type of state is
known as a quantum Markov chain, since the subsystem B mediates all correlations between A and C.
When B is traced out, we are left with the uncorrelated product pac = pa ® pc. Non-trivial quantum
Markov chains cannot be realized in holographic systems because they are ruled out by the stronger

inequality MMI .
We are then lead to ask, what class of states saturates MMI, and what geometrical interpretation do
they have in holography? This is an unsolved question, as pointed out in [300, B0T], but we can present
some expectations for its resolution. It will be convenient to introduce the quantity I3(A : B : C) called

tripartite information which is constrained to be negative by MMI,

I3(A: B:C) = S(pa) + S(pB) + S(pc) — S(par) — S(pac) — S(psc) + S(pasc) < 0. (7.3)

First of all, every pure three party state [1)) 45~ has I3(A : B : C) = 0, as does the maximally
mixed state papc = lapc, so we only consider sub-maximally mixed states. Secondly, the question is
meaningless for general quantum systems since MMI does not hold for entanglement entropy. There
are even theories where every state has I3 = 0 [302]. In any case, one can consider two states with
Ii(phpe) = —Is(p% picr), and form the product plpo @ p4 5o such that the combined state has
I3(AA’ : BB' : CC’) = 0. Hence, there is no special structure for states with I3 = 0 in general.
Conveniently the MMI inequality rules out this trivializing example, so we can still hope for interesting
structure holographically.

To build some intuition, we can consider the analogous question in classical probability theory. Defin-
ing I3(X : Y : Z) in the same manner as (7.3), but with Shannon entropies H(X) = — Y p(z)log p(z),
for a three variable joint probability distribution p(z,y, z) the tripartite information is

vy e o p(z,y, 2)p(x)p(y)p(2)
BOGY:2)== 3wl 2)los e e 74

.Y,z

Marginal probability distributions are defined as p(z) = >_, p(z,y) and all are normalized. Each term
in the sum in ([7.4)) can be positive or negative, meaning that in general there is no special structure of

distributions with Is = 0 for the same reasons as above. Motivated by MMI, we can consider only the

p(z,y,2)p(x)p(y)p(2)
p(z,9)p(y,2)p(z,x)

that within this class, the only distributions with I3 = 0 are of the form

subset of distributions for which the quantity log is positive. It is then not hard to see

p(z,y,2) = p(z|y)p(y|2)p(z|z) = p(y|=)p(z|y)p(z|2). (7.5)

Here we have introduced the conditional probability distributions p(z|y) = p(z,y)/p(y) and noted a
symmetryﬁ

4This structure expresses that the level of correlation between any two variables is unaffected by the value of the third
variable, and has sometimes been called a uniformly associative distribution [303] [304]. This class of distributions has
appeared in statistics literature, but only rarely as it cannot be expressed as a Bayesian network, nor uniquely as a random
Markov field; see p. 87ff of [305] for a discussion.
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We conjecture that, to leading order in the 1/Gx expansion, subsystem density matrices papo of

holographic states with I3(A : B : C') = 0 always have the structure

PABC = PA; B, @ PByCy @ PC3 A3, (76)

which requires the Hilbert spaces to factorize as Ha4 = Ha, ® Ha, etc. The class shares similarities
with in its cyclic structure and interpretation. This class of states has no shared three-party
correlations, but has arbitrary two-party correlations among any pair of regions. States of this form were
considered for independent reasons in [57]. In that work it was shown that the structure appears in
holographic settings on one side of entanglement phase transitions as the bulk Ryu-Takayanagi surface
jumps from disconnected components to a multi-legged connected surface joining ABC.

The form is implied by another recent conjecture concerning the form of holographic states
in general [59]. Using an alternative approach to holographic entanglement entropy called bit-threads,
which are based on maximally packed vector fields rather than minimal surfaces, the authors posited

that any pure 3-party holographic state should decompose as

V) apc = V1) a, B, @ [¥2) 4,0, ® 1¥3) .0, » (7.7)

with only bipartite entanglement. Furthermore, for a pure state on four subregions the conjectured

holographic state decomposition is

V) apep = V1) a, 8, @ [¥2) 4,0, © 1¥3) a,p, @ 1V4) B,c, @ 1¥5) B Dy @ 1¥6) cypg @ | PT) A, 8,070, - (7-8)

Each two-party |¢) is bipartite entangled, while the state |PT) is a four-party perfect tensor defined
such that the reduced state on any two subsystems is maximally mixed. It can be shown that all perfect
tensor states have Is < 0 between any three parties. Hence, the only way for the conjectured state
to have I3 = 0 after tracing out one subsystem is if the perfect tensor factor is trivial. Removing
the perfect tensor factor and tracing out any of the 4 parties reproduces our conjectured state .
However, the conjectured form has stronger connotations than alone, and we note that the
implied Hilbert space factorizations like H4 = Ha, ® Ha, ® Ha, ® H 4, do not necessarily correspond to
spatial factorizations. That is, the conjecture does not imply that each Hilbert space factor H4,,
for example, corresponds to some disjoint spatial subregion of A, but instead refers to some internal
organization of degrees of freedom [59].

Although is implied by the conjecture in [59], it will likely be much easier to prove directly
than to prove the form . One promising approach that leverages the properties of holographic
theories follows as an extension of work disseminated in [56]. In that paper Ryu-Takayanagi surface
configurations are encoded into a graph model, and entropy inequalities are expressed in terms of cuts of
the graph. This model can be used to prove MMI and the other holographic inequalities, but it can also

be used to study the conditions for inequalities to be saturated. Work in this direction is in progress.



Bibliography

1]

J. Maldacena, “The large-N limit of superconformal field theories and supergravity,”
International Journal of Theoretical Physics 38 no. 4, (Apr, 1999) 1113-1133, hep-th/9711200.

S. A. Hartnoll, “Lectures on holographic methods for condensed matter physics,” |Classical and
Quantum Gravity 26 no. 22, (Oct, 2009) 224002, |0903. 3246.

J. McGreevy, “Holographic duality with a view toward many-body physics,” |Advances in High
FEnergy Physics 2010 (2010) , 0909.0518.

J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal, and U. A. Wiedemann, |Gauge/String
Duality, Hot QCD and Heavy Ion Collisions. Cambridge University Press, 2014. [1101.0618.

S. Bhattacharyya, S. Minwalla, V. E. Hubeny, and M. Rangamani, “Nonlinear fluid dynamics
from gravity,” |Journal of High Energy Physics 2008 no. 02, (Feb, 2008) 045-045, 0712.2456.

F. M. Haehl, R. Loganayagam, and M. Rangamani, “The fluid manifesto: emergent symmetries,
hydrodynamics, and black holes,” |Journal of High Energy Physics 2016 no. 1, (Jan, 2016) 184,
1510.02494.

P. Francesco, P. Mathieu, and D. Sénéchal, Conformal Field Theory. Springer-Verlag New York,
1997.

A. Belavin, A. Polyakov, and A. Zamolodchikov, “Infinite conformal symmetry in
two-dimensional quantum field theory,” |Nuclear Physics B 241 no. 2, (1984) 333 — 380.

D. Pappadopulo, S. Rychkov, J. Espin, and R. Rattazzi, “Operator product expansion
convergence in conformal field theory,” Phys. Rev. D 86 (Nov, 2012) 105043, 1208.6449.

S. Rychkov and P. Yvernay, “Remarks on the Convergence Properties of the Conformal Block
Expansion,” |Phys. Lett. B753 (2016) 682—686, arXiv:1510.08486 [hep-th].

M. Van Raamsdonk, “Building up spacetime with quantum entanglement,” General Relativity
and Gravitation 42 no. 10, (Oct, 2010) 2323-2329, 1005.3035. [Int. J. of Mod. Phys. D19,
2429-2435 (2010)).

H. Reeh and S. Schlieder, “Bemerkungen zur Unitadrédquivalenz von Lorentzinvarienten Feldern,”
Nuovo Cimento 22 (1961) 1051.

E. Witten, “APS Medal for Exceptional Achievement in Research: Invited article on
entanglement properties of quantum field theory,” Rev. Mod. Phys. 90 (Oct, 2018) 045003,
1803.04993.

116


http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://dx.doi.org/10.1088/0264-9381/26/22/224002
http://dx.doi.org/10.1088/0264-9381/26/22/224002
http://arxiv.org/abs/0903.3246
http://dx.doi.org/10.1155/2010/723105
http://dx.doi.org/10.1155/2010/723105
http://arxiv.org/abs/0909.0518
http://dx.doi.org/10.1017/CBO9781139136747
http://dx.doi.org/10.1017/CBO9781139136747
http://arxiv.org/abs/1101.0618
http://dx.doi.org/10.1088/1126-6708/2008/02/045
http://arxiv.org/abs/0712.2456
http://dx.doi.org/10.1007/JHEP01(2016)184
http://arxiv.org/abs/1510.02494
http://dx.doi.org/https://doi.org/10.1016/0550-3213(84)90052-X
http://dx.doi.org/10.1103/PhysRevD.86.105043
http://arxiv.org/abs/1208.6449
http://dx.doi.org/10.1016/j.physletb.2016.01.004
http://arxiv.org/abs/1510.08486
http://dx.doi.org/10.1007/s10714-010-1034-0
http://dx.doi.org/10.1007/s10714-010-1034-0
http://arxiv.org/abs/1005.3035
http://dx.doi.org/10.1103/RevModPhys.90.045003
http://arxiv.org/abs/1803.04993

BIBLIOGRAPHY 117

[14]

[15]

[28]

[29]

M. B. Plenio and S. Virmani, “An introduction to entanglement measures,” Quantum
Information & Computation 7 no. 1, (2007) 1-51, |quant-ph/0504163v3.

H. Casini, M. Huerta, and J. A. Rosabal, “Remarks on entanglement entropy for gauge fields,”
Phys. Rev. D 89 (Apr, 2014) 085012, |1312.1183|

S. Ghosh, R. M. Soni, and S. P. Trivedi, “On the entanglement entropy for gauge theories,”
Journal of High Energy Physics 2015 no. 9, (Sep, 2015) 69, 1501.02593|

J. Lin and D. Radicevic, “Comments on defining entanglement entropy,” |[1808.05939.

P. Calabrese and J. Cardy, “Entanglement entropy and quantum field theory,” Journal of
Statistical Mechanics: Theory and Experiment 2004 no. 06, (2004) P06002, hep-th/0405152.

P. Calabrese and J. Cardy, “Entanglement entropy and conformal field theory,” Journal of
Physics A: Mathematical and Theoretical 42 no. 50, (2009) 504005, |0905.4013.

M. Srednicki, “Entropy and area,” |Phys. Rev. Lett. 71 (Aug, 1993) 666—669, hep-th/9303048.

C. Holzhey, F. Larsen, and F. Wilczek, “Geometric and renormalized entropy in conformal field
theory,” Nucl. Phys. B424 (1994) 443-467, |arXiv:hep-th/9403108 [hep-thl].

F. C. Alcaraz, M. I. nez Berganza, and G. Sierra, “Entanglement of low-energy excitations in
conformal field theory,” |Phys. Rev. Lett. 106 (May, 2011) 201601, [1101.2881.

M. I. Berganza, F. C. Alcaraz, and G. Sierra, “Entanglement of excited states in critical spin
chains,” |Journal of Statistical Mechanics: Theory and Ezxperiment 2012 no. 01, (Jan, 2012)
P01016, 1109.5673.

L. Bombelli, R. K. Koul, J. Lee, and R. D. Sorkin, “Quantum source of entropy for black holes,”
Phys. Rev. D 34 (Jul, 1986) 373-383.

R. Haag, Local Quantum Physics. Springer-Verlag Berlin Heidelberg, 1996.

J. M. Knight, “Strict localization in quantum field theory,” |Journal of Mathematical Physics 2
no. 4, (1961) 459-471, https://doi.org/10.1063/1.1703731.

I. Tzitrin, A. Z. Goldberg, and J. C. Cresswell, “Operational symmetries of entangled states,”
1906.07731.

H. Araki, “Relative entropy of States of von Neumann Algebras,” Publ. RIMS Kokyuroku 11
(1976) 809-833.

B. Ibinson, N. Linden, and A. Winter, “All inequalities for the relative entropy,”
Commaunications in Mathematical Physics 269 no. 1, (Jan, 2007) 223-238, quant-ph/0511260.

E. Witten, “Anti de Sitter space and holography,” Adv. Theor.Math.Phys. 2: (1998) 253-291,
hep-th/9802150!

S. Gubser, 1. Klebanov, and A. Polyakov, “Gauge theory correlators from non-critical string
theory,” |Physics Letters B 428 no. 1-2, (May, 1998) 105-114, hep-th/9802109.


http://arxiv.org/abs/quant-ph/0504163v3
http://dx.doi.org/10.1103/PhysRevD.89.085012
http://arxiv.org/abs/1312.1183
http://dx.doi.org/10.1007/JHEP09(2015)069
http://arxiv.org/abs/1501.02593
http://arxiv.org/abs/1808.05939
http://arxiv.org/abs/hep-th/0405152
http://arxiv.org/abs/0905.4013
http://dx.doi.org/10.1103/PhysRevLett.71.666
http://arxiv.org/abs/hep-th/9303048
http://dx.doi.org/10.1016/0550-3213(94)90402-2
http://arxiv.org/abs/hep-th/9403108
http://dx.doi.org/10.1103/PhysRevLett.106.201601
http://arxiv.org/abs/1101.2881
http://dx.doi.org/10.1088/1742-5468/2012/01/p01016
http://dx.doi.org/10.1088/1742-5468/2012/01/p01016
http://arxiv.org/abs/1109.5673
http://dx.doi.org/10.1103/PhysRevD.34.373
http://dx.doi.org/10.1063/1.1703731
http://dx.doi.org/10.1063/1.1703731
http://arxiv.org/abs/https://doi.org/10.1063/1.1703731
http://arxiv.org/abs/1906.07731
http://dx.doi.org/10.1007/s00220-006-0081-6
http://arxiv.org/abs/quant-ph/0511260
http://arxiv.org/abs/hep-th/9802150
http://dx.doi.org/http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109

BIBLIOGRAPHY 118

[32]

[33]

[34]

[42]

[43]

G. 't Hooft, “Dimensional reduction in quantum gravity,” |gr-qc/9310026.

L. Susskind, “The world as a hologram,” | Journal of Mathematical Physics 36 no. 11, (Apr.,
1995) 6377-6396, hep-th/9409089.

I. Heemskerk, J. Penedones, J. Polchinski, and J. Sully, “Holography from conformal field
theory,” |Journal of High Energy Physics 2009 no. 10, (Oct, 2009) 079-079) 0907.0151.

S. de Haro, K. Skenderis, and S. N. Solodukhin, “Holographic Reconstruction of Spacetime and
Renormalization in the AdS/CFT Correspondence,” |Communications in Mathematical Physics
217 no. 3, (Mar, 2001) 595-622, hep-th/0002230.

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, “Holographic representation of local bulk
operators,” |Phys. Rev. D 74 (Sep, 2006) 066009, hep-th/0606141.

I. Heemskerk, “Construction of bulk fields with gauge redundancy,” | Journal of High Energy
Physics 2012 no. 9, (Sep, 2012) 106, [1201. 3666l

A. Almbheiri, D. Marolf, J. Polchinski, and J. Sully, “Black holes: complementarity or firewalls?,”
Journal of High Energy Physics 2013 no. 2, (Feb, 2013) 62, 1207.3123.

D. Harlow, “Jerusalem lectures on black holes and quantum information,” |[Rev. Mod. Phys. 88
(Feb, 2016) 015002, 1409.1231.

T. Banks, M. R. Douglas, G. T. Horowitz, and E. Martinec, “AdS dynamics from conformal field
theory,” NSF-ITP-98-082, EFI-98-30, RU-98-zx (1998) , hep-th/9808016.

V. Balasubramanian and P. Kraus, “Spacetime and the holographic renormalization group,”
Phys. Rev. Lett. 83 (Nov, 1999) 3605-3608, hep-th/9903190.

D. Harlow and D. Stanford, “Operator dictionaries and wave functions in AdS/CFT and
dS/CFT,” |1104.2621.

E. D’Hoker and D. Z. Freedman, Supersymmetric Gauge Theories and the AdS/CFT
Correspondence, pp. 3-159. World Scientific, 2002. hep-th/0201253.

K. Skenderis, “Lecture notes on holographic renormalization,” |Classical and Quantum Gravity
19 no. 22, (Nov, 2002) 58495876, hep-th/0209067.

S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from the anti-de
Sitter space/conformal field theory correspondence,” |Phys. Rev. Lett. 96 (May, 2006) 181602,
hep-th/0603001.

V. E. Hubeny, M. Rangamani, and T. Takayanagi, “A covariant holographic entanglement
entropy proposal,” Journal of High Energy Physics 2007 no. 07, (2007) 062, 0705.0016.

A. Lewkowycz and J. Maldacena, “Generalized gravitational entropy,” |Journal of High Energy
Physics 2013 no. 8, (Aug, 2013) 90, 1304 .4926.

X. Dong, A. Lewkowycz, and M. Rangamani, “Deriving covariant holographic entanglement,”
Journal of High Energy Physics 2016 no. 11, (Nov, 2016) 28, 1607 .07506.


http://arxiv.org/abs/gr-qc/9310026
http://dx.doi.org/10.1063/1.531249
http://dx.doi.org/10.1063/1.531249
http://arxiv.org/abs/hep-th/9409089
http://dx.doi.org/10.1088/1126-6708/2009/10/079
http://arxiv.org/abs/0907.0151
http://dx.doi.org/10.1007/s002200100381
http://dx.doi.org/10.1007/s002200100381
http://arxiv.org/abs/hep-th/0002230
http://dx.doi.org/10.1103/PhysRevD.74.066009
http://arxiv.org/abs/hep-th/0606141
http://dx.doi.org/10.1007/JHEP09(2012)106
http://dx.doi.org/10.1007/JHEP09(2012)106
http://arxiv.org/abs/1201.3666
http://dx.doi.org/10.1007/JHEP02(2013)062
http://arxiv.org/abs/1207.3123
http://dx.doi.org/10.1103/RevModPhys.88.015002
http://dx.doi.org/10.1103/RevModPhys.88.015002
http://arxiv.org/abs/1409.1231
http://arxiv.org/abs/hep-th/9808016
http://dx.doi.org/10.1103/PhysRevLett.83.3605
http://arxiv.org/abs/hep-th/9903190
http://arxiv.org/abs/1104.2621
http://dx.doi.org/10.1142/9789812702821_0001
http://arxiv.org/abs/hep-th/0201253
http://dx.doi.org/10.1088/0264-9381/19/22/306
http://dx.doi.org/10.1088/0264-9381/19/22/306
http://arxiv.org/abs/hep-th/0209067
http://dx.doi.org/10.1103/PhysRevLett.96.181602
http://arxiv.org/abs/hep-th/0603001
http://arxiv.org/abs/0705.0016
http://dx.doi.org/10.1007/JHEP08(2013)090
http://dx.doi.org/10.1007/JHEP08(2013)090
http://arxiv.org/abs/1304.4926
http://dx.doi.org/10.1007/JHEP11(2016)028
http://arxiv.org/abs/1607.07506

BIBLIOGRAPHY 119

[49]

[54]

[55]

[56]

[57]

[61]

[62]

J. D. Brown and M. Henneaux, “Central charges in the canonical realization of asymptotic
symmetries: An example from three dimensional gravity,” |Communications in Mathematical
Physics 104 no. 2, (Jun, 1986) 207-226.

T. Nishioka, S. Ryu, and T. Takayanagi, “Holographic entanglement entropy: an overview,”
Journal of Physics A: Mathematical and Theoretical 42 no. 50, (Dec, 2009) 504008, 0905 .0932.

M. Headrick, “Entanglement Rényi entropies in holographic theories,” |Phys. Rev. D 82 (Dec,
2010) 126010, [1006.0047.

M. Headrick, “General properties of holographic entanglement entropy,” |Journal of High Energy
Physics 2014 no. 3, (Mar, 2014) 85, |1312.6717.

M. Freedman and M. Headrick, “Bit threads and holographic entanglement,” | Communications in
Mathematical Physics 352 no. 1, (May, 2017) 407-438,, 11604 .00354.

M. Headrick and T. Takayanagi, “Holographic proof of the strong subadditivity of entanglement
entropy,” |Phys. Rev. D 76 (Nov, 2007) 106013|, 0704.3719.

P. Hayden, M. Headrick, and A. Maloney, “Holographic mutual information is monogamous,”
Phys. Rev. D 87 (Feb, 2013) 046003, 1107 .2940.

N. Bao, S. Nezami, H. Ooguri, B. Stoica, J. Sully, and M. Walter, “The holographic entropy
cone,” |Journal of High Energy Physics 2015 no. 9, (Sep, 2015) 130, 1505.07839.

V. E. Hubeny, M. Rangamani, and M. Rota, “Holographic entropy relations,” |Fortschr. Phys. 66
no. 11-12, (Apr., 2019) 1800067, 1808.07871.

V. E. Hubeny, M. Rangamani, and M. Rota, “The holographic entropy arrangement,”
1812.08133.

S. X. Cui, P. Hayden, T. He, M. Headrick, B. Stoica, and M. Walter, “Bit threads and
holographic monogamy,” [1808.05234.

M. Rangamani and M. Rota, “Comments on entanglement negativity in holographic field
theories,” |Journal of High Energy Physics 2014 no. 10, (Oct, 2014) 60, 1406.6989.

P. Chaturvedi, V. Malvimat, and G. Sengupta, “Holographic quantum entanglement negativity,”
Journal of High Energy Physics 2018 no. 5, (May, 2018) 172, 1609.06609.

N. Lashkari and M. Van Raamsdonk, “Canonical energy is quantum fisher information,” | Journal
of High Energy Physics 2016 no. 4, (Apr, 2016) 153, 1508.00897.

A. Almbheiri, X. Dong, and D. Harlow, “Bulk Locality and Quantum Error Correction in
AdS/CFT,” JHEP 04 (2015) 163, arXiv:1411.7041 [hep-th].

F. Pastawski, B. Yoshida, D. Harlow, and J. Preskill, “Holographic quantum error-correcting
codes: Toy models for the bulk/boundary correspondence,” JHEP 06 (2015) 149,
arXiv:1503.06237 [hep-th].


http://dx.doi.org/10.1007/BF01211590
http://dx.doi.org/10.1007/BF01211590
http://dx.doi.org/10.1088/1751-8113/42/50/504008
http://arxiv.org/abs/0905.0932
http://dx.doi.org/10.1103/PhysRevD.82.126010
http://dx.doi.org/10.1103/PhysRevD.82.126010
http://arxiv.org/abs/1006.0047
http://dx.doi.org/10.1007/JHEP03(2014)085
http://dx.doi.org/10.1007/JHEP03(2014)085
http://arxiv.org/abs/1312.6717
http://dx.doi.org/10.1007/s00220-016-2796-3
http://dx.doi.org/10.1007/s00220-016-2796-3
http://arxiv.org/abs/1604.00354
http://dx.doi.org/10.1103/PhysRevD.76.106013
http://arxiv.org/abs/0704.3719
http://dx.doi.org/10.1103/PhysRevD.87.046003
http://arxiv.org/abs/1107.2940
http://dx.doi.org/10.1007/JHEP09(2015)130
http://arxiv.org/abs/1505.07839
http://dx.doi.org/10.1002/prop.201800067
http://dx.doi.org/10.1002/prop.201800067
http://arxiv.org/abs/1808.07871
http://arxiv.org/abs/1812.08133
http://arxiv.org/abs/1808.05234
http://dx.doi.org/10.1007/JHEP10(2014)060
http://arxiv.org/abs/1406.6989
http://dx.doi.org/10.1007/JHEP05(2018)172
http://arxiv.org/abs/1609.06609
http://dx.doi.org/10.1007/JHEP04(2016)153
http://dx.doi.org/10.1007/JHEP04(2016)153
http://arxiv.org/abs/1508.00897
http://dx.doi.org/10.1007/JHEP04(2015)163
http://arxiv.org/abs/1411.7041
http://dx.doi.org/10.1007/JHEP06(2015)149
http://arxiv.org/abs/1503.06237

BIBLIOGRAPHY 120

[65] E. Mintun, J. Polchinski, and V. Rosenhaus, “Bulk-Boundary Duality, Gauge Invariance, and
Quantum Error Corrections,” |Phys. Rev. Lett. 115 no. 15, (2015) 151601, |arXiv:1501.06577
[hep-th].

[66] D. Harlow, “The Ryu-Takayanagi formula from quantum error correction,” Communications in
Mathematical Physics 354 no. 3, (Sep, 2017) 865-912, 1607 .03901.

[67) D. L. Jafferis, A. Lewkowycz, J. Maldacena, and S. J. Suh, “Relative entropy equals bulk relative
entropy,” |Journal of High Energy Physics 2016 no. 6, (Jun, 2016) 4, |1512.06431.

[68] T. Faulkner, R. G. Leigh, O. Parrikar, and H. Wang, “Modular Hamiltonians for deformed
half-spaces and the averaged null energy condition,” | Journal of High Energy Physics 2016 no. 9,
(Sep, 2016) 38, [1605.08072.

[69] T. Faulkner and A. Lewkowycz, “Bulk locality from modular flow,” |Journal of High Energy
Physics 2017 no. 7, (Jul, 2017) 151, 1704.05464.

[70] T. Faulkner, M. Li, and H. Wang, “A modular toolkit for bulk reconstruction,” 1806.10560.

[71] K. Umemoto and T. Takayanagi, “Entanglement of purification through holographic duality,”
Nature Physics 14 no. 6, (June, 2018) 573-577,/1708.09393.

[72] P. Nguyen, T. Devakul, M. G. Halbasch, M. P. Zaletel, and B. Swingle, “Entanglement of
purification: from spin chains to holography,” | Journal of High Energy Physics 2018 no. 1, (Jan,
2018) 98,/1709.07424.

[73] B. M. Terhal, M. Horodecki, D. W. Leung, and D. P. DiVincenzo, “The entanglement of
purification,” |Journal of Mathematical Physics 43 no. 9, (2002) 4286-4298, quant-ph/0202044.

[74] N. Bao and I. F. Halpern, “Holographic inequalities and entanglement of purification,” |Journal
of High Energy Physics 2018 no. 3, (Mar, 2018) 6, 1710.07643.

[75] N. Bao, A. Chatwin-Davies, and G. N. Remmen, “Entanglement of purification and
multiboundary wormhole geometries,” |Journal of High Energy Physics 2019 no. 2, (Feb, 2019)
110}, /1811.01983.

[76] P. Caputa, M. Miyaji, T. Takayanagi, and K. Umemoto, “Holographic entanglement of
purification from conformal field theories,” |[Phys. Rev. Lett. 122 (Mar, 2019) 111601,
1812.05268.

[77] S. Dutta and T. Faulkner, “A canonical purification for the entanglement wedge cross-section,”
1905.00577.

[78] A. Bhattacharyya, A. Jahn, T. Takayanagi, and K. Umemoto, “Entanglement of purification in
many body systems and symmetry breaking,” YITP-19-05, IPMU19-0014 ,
http://arxiv.org/abs/1902.02369v1.

[79] M. A. Nielsen, M. R. Dowling, M. Gu, and A. C. Doherty, “Quantum computation as geometry,”
Science 311 no. 5764, (2006) 1133-1135, quant-ph/0603161.


http://dx.doi.org/10.1103/PhysRevLett.115.151601
http://arxiv.org/abs/1501.06577
http://arxiv.org/abs/1501.06577
http://dx.doi.org/10.1007/s00220-017-2904-z
http://dx.doi.org/10.1007/s00220-017-2904-z
http://arxiv.org/abs/1607.03901
http://dx.doi.org/10.1007/JHEP06(2016)004
http://arxiv.org/abs/1512.06431
http://dx.doi.org/10.1007/JHEP09(2016)038
http://dx.doi.org/10.1007/JHEP09(2016)038
http://arxiv.org/abs/1605.08072
http://dx.doi.org/10.1007/JHEP07(2017)151
http://dx.doi.org/10.1007/JHEP07(2017)151
http://arxiv.org/abs/1704.05464
http://arxiv.org/abs/1806.10560
http://arxiv.org/abs/1708.09393
http://dx.doi.org/10.1007/JHEP01(2018)098
http://dx.doi.org/10.1007/JHEP01(2018)098
http://arxiv.org/abs/1709.07424
http://dx.doi.org/10.1063/1.1498001
http://arxiv.org/abs/quant-ph/0202044
http://dx.doi.org/10.1007/JHEP03(2018)006
http://dx.doi.org/10.1007/JHEP03(2018)006
http://arxiv.org/abs/1710.07643
http://dx.doi.org/10.1007/JHEP02(2019)110
http://dx.doi.org/10.1007/JHEP02(2019)110
http://arxiv.org/abs/1811.01983
http://dx.doi.org/10.1103/PhysRevLett.122.111601
http://arxiv.org/abs/1812.05268
http://arxiv.org/abs/1905.00577
http://arxiv.org/abs/http://arxiv.org/abs/1902.02369v1
http://dx.doi.org/10.1126/science.1121541
http://arxiv.org/abs/quant-ph/0603161

BIBLIOGRAPHY 121

[80] A. R. Brown and L. Susskind, “Second law of quantum complexity,” |Phys. Rev. D 97 (Apr,
2018) 086015, (1701.01107.

[81] R. A. Jefferson and R. C. Myers, “Circuit complexity in quantum field theory,” |Journal of High
Energy Physics 2017 no. 10, (Oct, 2017) 107, [1707.08570.

[82] J. Maldacena, “Eternal black holes in anti-de Sitter,” |Journal of High Energy Physics 2003
no. 04, (Apr, 2003) 021-021, hep-th/0106112.

[83] Y. Sekino and L. Susskind, “Fast scramblers,” |Journal of High Energy Physics 2008 no. 10,
(Oct, 2008) 065-065, (08082096,

[84] L. Susskind, “Computational complexity and black hole horizons,” |Fortschritte der Physik 64
no. 1, (2016) 24-43| [1402.5674!

[85] D. Stanford and L. Susskind, “Complexity and shock wave geometries,” |[Phys. Rev. D 90 (Dec,
2014) 126007, [1406.2678.

[86] M. Alishahiha, “Holographic complexity,” |Phys. Rev. D 92 (Dec, 2015) 126009, 1509.06614.

[87] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y. Zhao, “Holographic complexity
equals bulk action?,” Phys. Rev. Lett. 116 (May, 2016) 191301, 1509.07876.

[88] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y. Zhao, “Complexity, action, and
black holes,” |Phys. Rev. D 93 (Apr, 2016) 086006, 1512.04993.

[89] D. Carmi, R. C. Myers, and P. Rath, “Comments on holographic complexity,” |Journal of High
Energy Physics 2017 no. 3, (Mar, 2017) 118, |1612.00433.

[90] L. Susskind, “The typical-state paradox: diagnosing horizons with complexity,” |Fortschr. Phys.
64 no. 1, (Apr., 2016) 84-91, 11507 .02287.

[91] J. Maldacena and L. Susskind, “Cool horizons for entangled black holes,” |[Fortschr. Phys. 61
no. 9, (Apr., 2013) 781-811, |1306.0533.

[92] E. Bianchi and R. C. Myers, “On the architecture of spacetime geometry,” |Classical and
Quantum Gravity 31 no. 21, (Oct, 2014) 214002, |1212.5183.

[93] J. Maldacena, D. Simmons-Duffin, and A. Zhiboedov, “Looking for a bulk point,” |Journal of
High Energy Physics 2017 no. 1, (Jan, 2017) 13, 1509.03612.

[94] N. Engelhardt and G. T. Horowitz, “Towards a reconstruction of general bulk metrics,” |Classical
and Quantum Gravity 34 no. 1, (Dec, 2016) 015004, 1605.01070.

[95] D. Kabat and G. Lifschytz, “Emergence of spacetime from the algebra of total modular
Hamiltonians,” |1812.02915.

[96] V. Balasubramanian, B. D. Chowdhury, B. Czech, J. de Boer, and M. P. Heller, “Bulk curves
from boundary data in holography,” |Phys. Rev. D 89 (Apr, 2014) 086004, 1310.4204.

[97] R. C. Myers, J. Rao, and S. Sugishita, “Holographic holes in higher dimensions,” |JHEP 2014
no. 6, (Jun, 2014) 44, |1403.3416v2.


http://dx.doi.org/10.1103/PhysRevD.97.086015
http://dx.doi.org/10.1103/PhysRevD.97.086015
http://arxiv.org/abs/1701.01107
http://dx.doi.org/10.1007/JHEP10(2017)107
http://dx.doi.org/10.1007/JHEP10(2017)107
http://arxiv.org/abs/1707.08570
http://dx.doi.org/10.1088/1126-6708/2003/04/021
http://dx.doi.org/10.1088/1126-6708/2003/04/021
http://arxiv.org/abs/hep-th/0106112
http://dx.doi.org/10.1088/1126-6708/2008/10/065
http://dx.doi.org/10.1088/1126-6708/2008/10/065
http://arxiv.org/abs/0808.2096
http://dx.doi.org/10.1002/prop.201500092
http://dx.doi.org/10.1002/prop.201500092
http://arxiv.org/abs/1402.5674
http://dx.doi.org/10.1103/PhysRevD.90.126007
http://dx.doi.org/10.1103/PhysRevD.90.126007
http://arxiv.org/abs/1406.2678
http://dx.doi.org/10.1103/PhysRevD.92.126009
http://arxiv.org/abs/1509.06614
http://dx.doi.org/10.1103/PhysRevLett.116.191301
http://arxiv.org/abs/1509.07876
http://dx.doi.org/10.1103/PhysRevD.93.086006
http://arxiv.org/abs/1512.04993
http://dx.doi.org/10.1007/JHEP03(2017)118
http://dx.doi.org/10.1007/JHEP03(2017)118
http://arxiv.org/abs/1612.00433
http://dx.doi.org/10.1002/prop.201500091
http://dx.doi.org/10.1002/prop.201500091
http://arxiv.org/abs/1507.02287
http://dx.doi.org/10.1002/prop.201300020
http://dx.doi.org/10.1002/prop.201300020
http://arxiv.org/abs/1306.0533
http://dx.doi.org/10.1088/0264-9381/31/21/214002
http://dx.doi.org/10.1088/0264-9381/31/21/214002
http://arxiv.org/abs/1212.5183
http://dx.doi.org/10.1007/JHEP01(2017)013
http://dx.doi.org/10.1007/JHEP01(2017)013
http://arxiv.org/abs/1509.03612
http://dx.doi.org/10.1088/1361-6382/34/1/015004
http://dx.doi.org/10.1088/1361-6382/34/1/015004
http://arxiv.org/abs/1605.01070
http://arxiv.org/abs/1812.02915
http://dx.doi.org/10.1103/PhysRevD.89.086004
http://arxiv.org/abs/1310.4204
http://dx.doi.org/10.1007/JHEP06(2014)044
http://dx.doi.org/10.1007/JHEP06(2014)044
http://arxiv.org/abs/1403.3416v2

BIBLIOGRAPHY 122

[98]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

M. Headrick, R. C. Myers, and J. Wien, “Holographic holes and differential entropy,” |Journal of
High Energy Physics 2014 no. 10, (Oct, 2014) 149, |1408.4770.

B. Freivogel, R. A. Jefferson, L. Kabir, B. Mosk, and I.-S. Yang, “Casting shadows on
holographic reconstruction,” |[Phys. Rev. D 91 (Apr, 2015) 086013} 1412.5175.

T. Faulkner, A. Lewkowycz, and J. Maldacena, “Quantum corrections to holographic
entanglement entropy,” |Journal of High Energy Physics 2013 no. 11, (Nov, 2013) 74, 1307 .2892.

X. Dong, “Holographic entanglement entropy for general higher derivative gravity,” Journal of
High Energy Physics 2014 no. 1, (Jan, 2014) 44,/1310.5713.

V. Balasubramanian, B. D. Chowdhury, B. Czech, and J. de Boer, “Entwinement and the
emergence of spacetime,” |[JHEP 2015 no. 1, (2015) 48, 1406.5859v2.

V. Balasubramanian, A. Bernamonti, B. Craps, T. De Jonckheere, and F. Galli, “Entwinement in
discretely gauged theories,” JHEP 2016 no. 12, (Dec, 2016) 94, [1609.03991.

D. Kabat and G. Lifschytz, “Local bulk physics from intersecting modular Hamiltonians,”
Journal of High Energy Physics 2017 no. 6, (Jun, 2017) 120, |1703.06523.

A. C. Wall, “Maximin surfaces, and the strong subadditivity of the covariant holographic
entanglement entropy,” |Classical and Quantum Gravity 31 no. 22, (Nov, 2014) 225007,
1211.3494.

M. Headrick, V. E. Hubeny, A. Lawrence, and M. Rangamani, “Causality & holographic
entanglement entropy,” |Journal of High Energy Physics 2014 no. 12, (Dec, 2014) 162,
1408.6300.

X. Dong, D. Harlow, and A. C. Wall, “Reconstruction of bulk operators within the entanglement
wedge in gauge-gravity duality,” Phys. Rev. Lett. 117 (Jul, 2016) 021601, 1601.05416.

B. Czech, J. L. Karczmarek, F. Nogueira, and M. V. Raamsdonk, “The gravity dual of a density
matrix,” |Classical and Quantum Gravity 29 no. 15, (Jul, 2012) 155009, 1204 .1330.

T. Faulkner, M. Guica, T. Hartman, R. C. Myers, and M. Van Raamsdonk, “Gravitation from
entanglement in holographic CFTs,” |Journal of High Energy Physics 2014 no. 3, (Mar, 2014) 51,
1312.7856.

N. Lashkari, M. B. McDermott, and M. Van Raamsdonk, “Gravitational dynamics from
entanglement “thermodynamics”,” Journal of High Energy Physics 2014 no. 4, (Apr, 2014) 195,
1308.3716.

T. Faulkner, F. M. Haehl, E. Hijano, O. Parrikar, C. Rabideau, and M. Van Raamsdonk,
“Nonlinear gravity from entanglement in conformal field theories,” |Journal of High Enerqgy
Physics 2017 no. 8, (Aug, 2017) 57, 1705.03026.

N. Lashkari, C. Rabideau, P. Sabella-Garnier, and M. Van Raamsdonk, “Inviolable energy
conditions from entanglement inequalities,” |Journal of High Energy Physics 2015 no. 6, (Jun,
2015) 67,/1412.3514,


http://dx.doi.org/10.1007/JHEP10(2014)149
http://dx.doi.org/10.1007/JHEP10(2014)149
http://arxiv.org/abs/1408.4770
http://dx.doi.org/10.1103/PhysRevD.91.086013
http://arxiv.org/abs/1412.5175
http://dx.doi.org/10.1007/JHEP11(2013)074
http://arxiv.org/abs/1307.2892
http://dx.doi.org/10.1007/JHEP01(2014)044
http://dx.doi.org/10.1007/JHEP01(2014)044
http://arxiv.org/abs/1310.5713
http://dx.doi.org/10.1007/JHEP01(2015)048
http://arxiv.org/abs/1406.5859v2
http://dx.doi.org/10.1007/JHEP12(2016)094
http://arxiv.org/abs/1609.03991
http://dx.doi.org/10.1007/JHEP06(2017)120
http://arxiv.org/abs/1703.06523
http://dx.doi.org/10.1088/0264-9381/31/22/225007
http://arxiv.org/abs/1211.3494
http://dx.doi.org/10.1007/JHEP12(2014)162
http://arxiv.org/abs/1408.6300
http://dx.doi.org/10.1103/PhysRevLett.117.021601
http://arxiv.org/abs/1601.05416
http://dx.doi.org/10.1088/0264-9381/29/15/155009
http://arxiv.org/abs/1204.1330
http://dx.doi.org/10.1007/JHEP03(2014)051
http://arxiv.org/abs/1312.7856
http://dx.doi.org/10.1007/JHEP04(2014)195
http://arxiv.org/abs/1308.3716
http://dx.doi.org/10.1007/JHEP08(2017)057
http://dx.doi.org/10.1007/JHEP08(2017)057
http://arxiv.org/abs/1705.03026
http://dx.doi.org/10.1007/JHEP06(2015)067
http://dx.doi.org/10.1007/JHEP06(2015)067
http://arxiv.org/abs/1412.3514

BIBLIOGRAPHY 123

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

N. Lashkari, J. Lin, B. Stoica, H. Ooguri, and M. Van Raamsdonk, “Gravitational positive
energy theorems from information inequalities,” |Progress of Theoretical and Experimental
Physics 2016 no. 12, (12, 2016) | |1605.01075.

R. Bousso, Z. Fisher, S. Leichenauer, and A. C. Wall, “Quantum focusing conjecture,” |Phys.
Rev. D 93 (Mar, 2016) 064044, 1506.02669.

R. Bousso, Z. Fisher, J. Koeller, S. Leichenauer, and A. C. Wall, “Proof of the quantum null
energy condition,” |Phys. Rev. D 93 (Jan, 2016) 024017, 1509.02542.

T. Hartman, S. Kundu, and A. Tajdini, “Averaged null energy condition from causality,” |Journal
of High Energy Physics 2017 no. 7, (Jul, 2017) 66, 1610.05308.

A. C. Wall, “Lower bound on the energy density in classical and quantum field theories,” Phys.
Rev. Lett. 118 (Apr, 2017) 151601, |1701.03196.

S. Balakrishnan, T. Faulkner, Z. U. Khandker, and H. Wang, “A general proof of the quantum
null energy condition,” |1706.09432.

J. C. Cresswell and A. W. Peet, “Kinematic space for conical defects,” JHEP 11 (2017) 155,
arXiv:1708.09838 [hep-th].

J. C. Cresswell, I. T. Jardine, and A. W. Peet, “Holographic relations for OPE blocks in excited
states,” |Journal of High Energy Physics 2019 no. 3, (Mar, 2019) 58, |1809.09107.

J. C. Cresswell, “Universal entanglement timescale for Rényi entropies,” |Phys. Rev. A 97 (Feb,
2018) 022317, (1709.10064.

J. C. Cresswell, I. Tzitrin, and A. Z. Goldberg, “Perturbative expansion of entanglement
negativity using patterned matrix calculus,” |[Phys. Rev. A 99 (Jan, 2019) 012322, 1809.07772.

S. Ferrara, A. F. Grillo, and R. Gatto, “Manifestly conformal covariant operator-product
expansion,” |Lettere al Nuovo Cimento (1971-1985) 2 no. 26, (1971) 1363-1369.

S. Ferrara, A. Grillo, G. Parisi, and R. Gatto, “Covariant expansion of the conformal four -point
function,” |Nuclear Physics B 49 (1972) 77 — 98.

E. Hijano, P. Kraus, and R. Snively, “Worldline approach to semi-classical conformal blocks,”
JHEP 2015 no. 7, (2015) 131, 1501 .02260.

E. Hijano, P. Kraus, E. Perlmutter, and R. Snively, “Witten diagrams revisited: the AdS
geometry of conformal blocks,” JHEP 2016 no. 1, (2016) 146, |1508.00501.

M. Fukuda, N. Kobayashi, and T. Nishioka, “Operator product expansion for conformal defects,”
Journal of High Energy Physics 2018 no. 1, (Jan, 2018) 13,/1710.11165/

N. Kobayashi and T. Nishioka, “Spinning conformal defects,” UT-18-11, IPMU18-0084 (2018) ,
1805.05967.

S. Das, “Comments on spinning OPE blocks in AdSs/CFTs,” |Physics Letters B 792 (2019) 397
— 405/ /1811.09375.


http://dx.doi.org/10.1093/ptep/ptw139
http://dx.doi.org/10.1093/ptep/ptw139
http://arxiv.org/abs/1605.01075
http://dx.doi.org/10.1103/PhysRevD.93.064044
http://dx.doi.org/10.1103/PhysRevD.93.064044
http://arxiv.org/abs/1506.02669
http://dx.doi.org/10.1103/PhysRevD.93.024017
http://arxiv.org/abs/1509.02542
http://dx.doi.org/10.1007/JHEP07(2017)066
http://dx.doi.org/10.1007/JHEP07(2017)066
http://arxiv.org/abs/1610.05308
http://dx.doi.org/10.1103/PhysRevLett.118.151601
http://dx.doi.org/10.1103/PhysRevLett.118.151601
http://arxiv.org/abs/1701.03196
http://arxiv.org/abs/1706.09432
http://dx.doi.org/10.1007/JHEP11(2017)155
http://arxiv.org/abs/1708.09838
http://dx.doi.org/10.1007/JHEP03(2019)058
http://arxiv.org/abs/1809.09107
http://dx.doi.org/10.1103/PhysRevA.97.022317
http://dx.doi.org/10.1103/PhysRevA.97.022317
http://arxiv.org/abs/1709.10064
http://dx.doi.org/10.1103/PhysRevA.99.012322
http://arxiv.org/abs/1809.07772
http://dx.doi.org/10.1007/BF02770435
http://dx.doi.org/http://dx.doi.org/10.1016/0550-3213(72)90587-1
http://dx.doi.org/10.1007/JHEP07(2015)131
http://arxiv.org/abs/1501.02260
http://dx.doi.org/10.1007/JHEP01(2016)146
http://arxiv.org/abs/1508.00501
http://dx.doi.org/10.1007/JHEP01(2018)013
http://arxiv.org/abs/1710.11165
http://arxiv.org/abs/1805.05967
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2019.03.058
http://dx.doi.org/https://doi.org/10.1016/j.physletb.2019.03.058
http://arxiv.org/abs/1811.09375

BIBLIOGRAPHY 124

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139)]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

A. Prudenziati, “A geodesic witten diagram description of holographic entanglement entropy and

its quantum corrections,” [1902.10161.

B. Czech, L. Lamprou, S. McCandlish, and J. Sully, “Integral geometry and holography,” |[JHEP
2015 no. 10, (2015) 175, [1505.05515v1l

B. Czech, L. Lamprou, S. McCandlish, B. Mosk, and J. Sully, “A stereoscopic look into the
bulk,” [JHEP 2016 no. 7, (2016) 129, [1604.03110v2!

J. de Boer, M. P. Heller, R. C. Myers, and Y. Neiman, “Holographic de Sitter geometry from
entanglement in conformal field theory,” | Phys. Rev. Lett. 116 (Feb, 2016) 061602, |1509.00113.

W. Donnelly and S. B. Giddings, “Diffeomorphism-invariant observables and their nonlocal
algebra,” |Phys. Rev. D 93 (Jan, 2016) 024030, [1507.07921.

W. Donnelly and S. B. Giddings, “Observables, gravitational dressing, and obstructions to
locality and subsystems,” Phys. Rev. D 94 (Nov, 2016) 104038, 1607 .01025.

S. Bhowmick, S. Das, and B. Ezhuthachan, “Entanglement entropy and kinematic space in
BCFT,” [1703.01759.

M. Banados, C. Teitelboim, and J. Zanelli, “Black hole in three-dimensional spacetime,” |Phys.
Rev. Lett. 69 (Sep, 1992) 1849-1851, hep-th/9204099.

M. Banados, M. Henneaux, C. Teitelboim, and J. Zanelli, “Geometry of the 241 black hole,”
Phys. Rev. D 48 (Aug, 1993) 1506-1525, gr-qc/9302012.

S. Deser, R. Jackiw, and G. ’t Hooft, “Three-dimensional Einstein gravity: Dynamics of flat
space,” |Annals of Physics 152 no. 1, (1984) 220 — 235.

J.-d. Zhang and B. Chen, “Kinematic space and wormholes,” JHEP 2017 no. 1, (2017) 92,
1610.07134v2.

R. Espindola, A. Giiijosa, A. Landetta, and J. F. Pedraza, “What’s the point? Hole-ography in
Poincaré AdS,” | The Furopean Physical Journal C 78 no. 1, (Jan, 2018) 75| 1708.02958.

V. Balasubramanian and S. F. Ross, “Holographic particle detection,” |[Phys. Rev. D 61 (Jan,
2000) 044007, hep-th/9906226v1.

C. T. Asplund, A. Bernamonti, F. Galli, and T. Hartman, “Holographic entanglement entropy
from 2d CFT: heavy states and local quenches,” |[JHEP 2015 no. 2, (2015) 171}, /1410.1392.

B. Czech and L. Lamprou, “Holographic definition of points and distances,” |Phys. Rev. D 90
(Nov, 2014) 106005, 1409.4473v1.

C. T. Asplund, N. Callebaut, and C. Zukowski, “Equivalence of emergent de Sitter spaces from
conformal field theory,” |[JHEP 2016 no. 9, (2016) 154, 1604 .02687.

J. de Boer, F. M. Haehl, M. P. Heller, and R. C. Myers, “Entanglement, holography and causal
diamonds,” |[JHEP 2016 no. 8, (2016) 1-83, |1606.03307.


http://arxiv.org/abs/1902.10161
http://dx.doi.org/10.1007/JHEP10(2015)175
http://dx.doi.org/10.1007/JHEP10(2015)175
http://arxiv.org/abs/1505.05515v1
http://dx.doi.org/10.1007/JHEP07(2016)129
http://arxiv.org/abs/1604.03110v2
http://dx.doi.org/10.1103/PhysRevLett.116.061602
http://arxiv.org/abs/1509.00113
http://dx.doi.org/10.1103/PhysRevD.93.024030
http://arxiv.org/abs/1507.07921
http://dx.doi.org/10.1103/PhysRevD.94.104038
http://arxiv.org/abs/1607.01025
http://arxiv.org/abs/1703.01759
http://dx.doi.org/10.1103/PhysRevLett.69.1849
http://dx.doi.org/10.1103/PhysRevLett.69.1849
http://arxiv.org/abs/hep-th/9204099
http://dx.doi.org/10.1103/PhysRevD.48.1506
http://arxiv.org/abs/gr-qc/9302012
http://dx.doi.org/http://dx.doi.org/10.1016/0003-4916(84)90085-X
http://dx.doi.org/10.1007/JHEP01(2017)092
http://arxiv.org/abs/1610.07134v2
http://dx.doi.org/10.1140/epjc/s10052-018-5563-0
http://arxiv.org/abs/1708.02958
http://dx.doi.org/10.1103/PhysRevD.61.044007
http://dx.doi.org/10.1103/PhysRevD.61.044007
http://arxiv.org/abs/hep-th/9906226v1
http://dx.doi.org/10.1007/JHEP02(2015)171
http://arxiv.org/abs/1410.1392
http://dx.doi.org/10.1103/PhysRevD.90.106005
http://dx.doi.org/10.1103/PhysRevD.90.106005
http://arxiv.org/abs/1409.4473v1
http://dx.doi.org/10.1007/JHEP09(2016)154
http://arxiv.org/abs/1604.02687
http://dx.doi.org/10.1007/JHEP08(2016)162
http://arxiv.org/abs/1606.03307

BIBLIOGRAPHY 125

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

157]

[158]

159

[160]

[161]

[162]

[163)]

A. Karch, J. Sully, C. F. Uhlemann, and D. G. E. Walker, “Boundary kinematic space,” |[JHEP
2017 no. 8, (Aug, 2017) 39, 1703.02990v1.

F. Dolan and H. Osborn, “Conformal partial waves and the operator product expansion,”
Nuclear Physics B 678 no. 1, (2004) 491 — 507, hep-th/0309180.

J. Maldacena and A. Strominger, “AdS3 black holes and a stringy exclusion principle,” | JHEP
1998 no. 12, (1998) 005, hep-th/9804085.

O. Lunin, S. D. Mathur, and A. Saxena, “What is the gravity dual of a chiral primary?,” |Nuclear
Physics B 655 no. 12, (2003) 185 — 217, hep-th/0211292.

J. de Boer, M. M. Sheikh-Jabbari, and J. Simén, “Near-horizon limits of massless BTZ and their
CFT duals,” Classical and Quantum Gravity 28 no. 17, (2011) 175012, 1011.1897v2.

V. Balasubramanian, A. Naqvi, and J. Simén, “A multi-boundary AdS orbifold and DLCQ
holography: a universal holographic description of extremal black hole horizons,” |JHEP 2004
no. 08, (2004) 023, hep-th/0311237.

1. Y. Aref’eva and M. A. Khramtsov, “AdS/CFT prescription for angle-deficit space and winding
geodesics,” JHEP 2016 no. 4, (2016) 121, 1601.02008v2.

1. Y. Aref’eva, M. A. Khramtsov, and M. D. Tikhanovskaya, “Improved image method for a
holographic description of conical defects,” | Theoretical and Mathematical Physics 189 no. 2,
(2016) 16601672, [1604.08905!

1. Y. Aref’eva, M. A. Khramtsov, and M. D. Tikhanovskaya, “Thermalization after holographic
bilocal quench,” | JHEP 2017 no. 9, (Sep, 2017) 115, 1706.07390.

B. Czech, L. Lamprou, S. McCandlish, and J. Sully, “Tensor networks from kinematic space,”
JHEP 2016 no. 7, (2016) 100, 1512.01548.

B. C. da Cunha and M. Guica, “Exploring the BTZ bulk with boundary conformal blocks,”
1604.07383.

M. Guica, “Bulk fields from the boundary OPE,” Nordita-2016-144 no. 144, (2016) ,
1610.08952v2.

J. Lin, M. Marcolli, H. Ooguri, and B. Stoica, “Locality of gravitational systems from
entanglement of conformal field theories,” |[Phys. Rev. Lett. 114 (Jun, 2015) 221601, [1412.1879.

H.-J. Matschull, “Black hole creation in 2 + 1 dimensions,” |Classical and Quantum Gravity 16
no. 3, (1999) 1069, |gr-qc/9809087.

I. Areféva, A. Bagrov, P. Séterskog, and K. Schalm, “Holographic dual of a time machine,” |Phys.
Rev. D 94 (Aug, 2016) 044059, 1508.04440.

K. Goto and T. Takayanagi, “CFT descriptions of bulk local states in the AdS black holes,”
JHEP 2017 no. 10, (Oct, 2017) 153, |1704.00053v1.

S. Giusto, O. Lunin, S. D. Mathur, and D. Turton, “D1-D5-P microstates at the cap,” |[JHEP
2013 no. 2, (Feb, 2013) 50, [1211.0306.


http://dx.doi.org/10.1007/JHEP08(2017)039
http://dx.doi.org/10.1007/JHEP08(2017)039
http://arxiv.org/abs/1703.02990v1
http://dx.doi.org/http://dx.doi.org/10.1016/j.nuclphysb.2003.11.016
http://arxiv.org/abs/hep-th/0309180
http://dx.doi.org/10.1088/1126-6708/1998/12/005
http://dx.doi.org/10.1088/1126-6708/1998/12/005
http://arxiv.org/abs/hep-th/9804085
http://dx.doi.org/https://doi.org/10.1016/S0550-3213(03)00081-6
http://dx.doi.org/https://doi.org/10.1016/S0550-3213(03)00081-6
http://arxiv.org/abs/hep-th/0211292
http://dx.doi.org/10.1088/0264-9381/28/17/175012
http://arxiv.org/abs/1011.1897v2
http://dx.doi.org/10.1088/1126-6708/2004/08/023
http://dx.doi.org/10.1088/1126-6708/2004/08/023
http://arxiv.org/abs/hep-th/0311237
http://dx.doi.org/10.1007/JHEP04(2016)121
http://arxiv.org/abs/1601.02008v2
http://dx.doi.org/10.1134/S0040577916110106
http://dx.doi.org/10.1134/S0040577916110106
http://arxiv.org/abs/1604.08905
http://dx.doi.org/10.1007/JHEP09(2017)115
http://arxiv.org/abs/1706.07390
http://dx.doi.org/10.1007/JHEP07(2016)100
http://arxiv.org/abs/1512.01548
http://arxiv.org/abs/1604.07383
http://arxiv.org/abs/1610.08952v2
http://dx.doi.org/10.1103/PhysRevLett.114.221601
http://arxiv.org/abs/1412.1879
http://dx.doi.org/10.1088/0264-9381/16/3/032
http://dx.doi.org/10.1088/0264-9381/16/3/032
http://arxiv.org/abs/gr-qc/9809087
http://dx.doi.org/10.1103/PhysRevD.94.044059
http://dx.doi.org/10.1103/PhysRevD.94.044059
http://arxiv.org/abs/1508.04440
http://dx.doi.org/10.1007/JHEP10(2017)153
http://arxiv.org/abs/1704.00053v1
http://dx.doi.org/10.1007/JHEP02(2013)050
http://dx.doi.org/10.1007/JHEP02(2013)050
http://arxiv.org/abs/1211.0306

BIBLIOGRAPHY 126

[164]

[165]

[166]

167]

[168]

169

[170]

[171]

[172]

173]

[174]

[175]

176

[177]

178

[179]

J. Son, “String theory on AdSs/Z,,” HUTP-01/A034 (2001) , hep-th/0107131v1l

A. Maloney, H. Maxfield, and G. S. Ng, “A conformal block farey tail,” |[JHEP 2017 no. 6, (Jun,
2017) 117,/1609.02165.

B. Czech, G. Evenbly, L. Lamprou, S. McCandlish, X.-1. Qi, J. Sully, and G. Vidal, “Tensor
network quotient takes the vacuum to the thermal state,” |Phys. Rev. B 94 (Aug, 2016) 085101,
1510.07637.

G. Sérosi and T. Ugajin, “Modular hamiltonians of excited states, OPE blocks and emergent
bulk fields,” | Journal of High Energy Physics 2018 no. 1, (Jan, 2018) 12}, /1705.01486.

B. Czech, L. Lamprou, S. McCandlish, B. Mosk, and J. Sully, “Equivalent equations of motion
for gravity and entropy,” |JHEP 2017 no. 2, (2017) 4, 1608.06282v1.

R. Abt, J. Erdmenger, H. Hinrichsen, C. M. Melby-Thompson, R. Meyer, C. Northe, and 1. A.
Reyes, “Topological complexity in AdS3/CFTs,” Fortschritte der Physik 66 no. 6, (2018)
1800034, 11710.01327.

R. Abt, J. Erdmenger, M. Gerbershagen, C. M. Melby-Thompson, and C. Northe, “Holographic
subregion complexity from kinematic space,” |Journal of High Energy Physics 2019 no. 1, (Jan,
2019) 12,/1805.10298,

V. Balasubramanian, J. de Boer, E. Keski-Vakkuri, and S. F. Ross, “Supersymmetric conical
defects: Towards a string theoretic description of black hole formation,” |Phys. Rev. D 64 (Aug,
2001) 064011, hep-th/0011217!

O. Lunin, J. M. Maldacena, and L. Maoz, “Gravity solutions for the D1-D5 system with angular
momentum,” arXiv:hep-th/0212210 [hep-th]l

S. Carlip and C. Teitelboim, “Aspects of black hole quantum mechanics and thermodynamics in
2+1 dimensions,” |Phys. Rev. D 51 (Jan, 1995) 622—631, gr-qc/9405070.

C.-B. Chen, W.-C. Gan, F.-W. Shu, and B. Xiong, “Quantum information metric of conical
defect,” |Phys. Rev. D 98 (Aug, 2018) 046008, 1804 .08358.

L. F. Alday, J. de Boer, and 1. Messamah, “The gravitational description of coarse grained
microstates,” |JHEP 12 (2006) 063, arXiv:hep-th/0607222 [hep-th].

M. Banados, “Three-dimensional quantum geometry and black holes,” |AIP Conf. Proc. 484
no. 1, (1999) 147-169, arXiv:hep-th/9901148 [hep-th].

M. M. Roberts, “Time evolution of entanglement entropy from a pulse,” |[JHEP 12 (2012) 027,
arXiv:1204.1982 [hep-th].

C. T. Asplund, A. Bernamonti, F. Galli, and T. Hartman, “Entanglement scrambling in 2d
conformal field theory,” |Journal of High Energy Physics 2015 no. 9, (Sep, 2015) 110,
1506.03772.

N. Anand, H. Chen, A. L. Fitzpatrick, J. Kaplan, and D. Li, “An Exact Operator That Knows
Its Location,” JHEP 02 (2018) 012, |arXiv:1708.04246 [hep-th].


http://arxiv.org/abs/hep-th/0107131v1
http://dx.doi.org/10.1007/JHEP06(2017)117
http://dx.doi.org/10.1007/JHEP06(2017)117
http://arxiv.org/abs/1609.02165
http://dx.doi.org/10.1103/PhysRevB.94.085101
http://arxiv.org/abs/1510.07637
http://dx.doi.org/10.1007/JHEP01(2018)012
http://arxiv.org/abs/1705.01486
http://dx.doi.org/10.1007/JHEP02(2017)004
http://arxiv.org/abs/1608.06282v1
http://dx.doi.org/10.1002/prop.201800034
http://dx.doi.org/10.1002/prop.201800034
http://arxiv.org/abs/1710.01327
http://dx.doi.org/10.1007/JHEP01(2019)012
http://dx.doi.org/10.1007/JHEP01(2019)012
http://arxiv.org/abs/1805.10298
http://dx.doi.org/10.1103/PhysRevD.64.064011
http://dx.doi.org/10.1103/PhysRevD.64.064011
http://arxiv.org/abs/hep-th/0011217
http://arxiv.org/abs/hep-th/0212210
http://dx.doi.org/10.1103/PhysRevD.51.622
http://arxiv.org/abs/gr-qc/9405070
http://dx.doi.org/10.1103/PhysRevD.98.046008
http://arxiv.org/abs/1804.08358
http://dx.doi.org/10.1088/1126-6708/2006/12/063
http://arxiv.org/abs/hep-th/0607222
http://dx.doi.org/10.1063/1.59661
http://dx.doi.org/10.1063/1.59661
http://arxiv.org/abs/hep-th/9901148
http://dx.doi.org/10.1007/JHEP12(2012)027
http://arxiv.org/abs/1204.1982
http://dx.doi.org/10.1007/JHEP09(2015)110
http://arxiv.org/abs/1506.03772
http://dx.doi.org/10.1007/JHEP02(2018)012
http://arxiv.org/abs/1708.04246

BIBLIOGRAPHY 127

[180]

[181]

[182]

[183)

[184]

[185]

[186]

[187]

[188]

[189)

[190]

[191]

[192]

193]

[194]

[195]

[196]

A. de la Fuente and R. Sundrum, “Holography of the BTZ Black Hole, Inside and Out,” JHEP
09 (2014) 073, arXiv:1307.7738 [hep-thl].

H. Maxfield, “Entanglement entropy in three dimensional gravity,” JHEP 04 (2015) 031,
arXiv:1412.0687 [hep-th]l

E. Keski-Vakkuri, “Bulk and boundary dynamics in BTZ black holes,” |Phys. Rev. D 59 (Mar,
1999) 104001, hep-th/9808037.

V. Balasubramanian, A. Bernamonti, B. Craps, V. Kerénen, E. Keski-Vakkuri, B. Miiller,

L. Thorlacius, and J. Vanhoof, “Thermalization of the spectral function in strongly coupled two
dimensional conformal field theories,” |Journal of High Energy Physics 2013 no. 4, (Apr, 2013)
69, 11212.6066.

G. T. Horowitz and D. Marolf, “A new approach to string cosmology,” |[JHEP 07 (1998) 014,
arXiv:hep-th/9805207 [hep-th].

P. Banerjee, S. Datta, and R. Sinha, “Higher-point conformal blocks and entanglement entropy
in heavy states,” JHEP 05 (2016) 127, |arXiv:1601.06794 [hep-th].

T. Anous, T. Hartman, A. Rovai, and J. Sonner, “Black Hole Collapse in the 1/¢ Expansion,”
JHEP 07 (2016) 123, larXiv:1603.04856 [hep-th]|

T. Anous, T. Hartman, A. Rovai, and J. Sonner, “From Conformal Blocks to Path Integrals in
the Vaidya Geometry,” JHEP 09 (2017) 009, arXiv:1706.02668 [hep-th].

M. Nielsen and I. Chuang, Quantum Information and Quantum Computation. Cambridge
University Press, 2000.

C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K. Wootters, “Mixed-state entanglement
and quantum error correction,” Phys. Rev. A 54 (Nov, 1996) 3824-3851, |quant-ph/9604024.

W. K. Wootters, “Entanglement of formation of an arbitrary state of two qubits,” |Phys. Rev.
Lett. 80 (Mar, 1998) 22452248, quant-ph/9709029.

A. Rényi, “On measures of information and entropy,” Proceedings of the fourth Berkeley
Symposium on Mathematics, Statistics and Probability 1960 (1961) 547-561.

A. Peres, “Separability criterion for density matrices,” |Phys. Rev. Lett. 77 (Aug, 1996)
1413-1415, lquant-ph/9604005.

K. G. H. Vollbrecht and M. M. Wolf, “Conditional entropies and their relation to entanglement
criteria,” | Journal of Mathematical Physics 43 no. 9, (2002) 4299-4306, quant-ph/0202058.

M. Horodecki, P. Horodecki, and R. Horodecki, “Separability of mixed states: necessary and
sufficient conditions,” |Physics Letters A 223 no. 1, (1996) 1 — 8, quant-ph/9605038.

K. Zyczkowski, P. Horodecki, A. Sanpera, and M. Lewenstein, “Volume of the set of separable
states,” Phys. Rev. A 58 (Aug, 1998) 883-892, |quant-ph/9804024.

G. Vidal and R. F. Werner, “Computable measure of entanglement,” Phys. Rev. A 65 (Feb,
2002) 032314, quant-ph/0102117.


http://dx.doi.org/10.1007/JHEP09(2014)073
http://dx.doi.org/10.1007/JHEP09(2014)073
http://arxiv.org/abs/1307.7738
http://dx.doi.org/10.1007/JHEP04(2015)031
http://arxiv.org/abs/1412.0687
http://dx.doi.org/10.1103/PhysRevD.59.104001
http://dx.doi.org/10.1103/PhysRevD.59.104001
http://arxiv.org/abs/hep-th/9808037
http://dx.doi.org/10.1007/JHEP04(2013)069
http://dx.doi.org/10.1007/JHEP04(2013)069
http://arxiv.org/abs/1212.6066
http://dx.doi.org/10.1088/1126-6708/1998/07/014
http://arxiv.org/abs/hep-th/9805207
http://dx.doi.org/10.1007/JHEP05(2016)127
http://arxiv.org/abs/1601.06794
http://dx.doi.org/10.1007/JHEP07(2016)123
http://arxiv.org/abs/1603.04856
http://dx.doi.org/10.1007/JHEP09(2017)009
http://arxiv.org/abs/1706.02668
http://dx.doi.org/10.1103/PhysRevA.54.3824
http://arxiv.org/abs/quant-ph/9604024
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://dx.doi.org/10.1103/PhysRevLett.80.2245
http://arxiv.org/abs/quant-ph/9709029
http://dx.doi.org/10.1103/PhysRevLett.77.1413
http://dx.doi.org/10.1103/PhysRevLett.77.1413
http://arxiv.org/abs/quant-ph/9604005
http://dx.doi.org/10.1063/1.1498490
http://arxiv.org/abs/quant-ph/0202058
http://dx.doi.org/https://doi.org/10.1016/S0375-9601(96)00706-2
http://arxiv.org/abs/quant-ph/9605038
http://dx.doi.org/10.1103/PhysRevA.58.883
http://arxiv.org/abs/quant-ph/9804024
http://dx.doi.org/10.1103/PhysRevA.65.032314
http://dx.doi.org/10.1103/PhysRevA.65.032314
http://arxiv.org/abs/quant-ph/0102117

BIBLIOGRAPHY 128

[197]

198

199

200]

[201]

202]

203]

[204]

205]

206]

[207]

208]

209

[210]

[211]

M. B. Plenio, “Logarithmic negativity: A full entanglement monotone that is not convex,” |Phys.
Rev. Lett. 95 (Aug, 2005) 090503, |quant-ph/0505071.

Y. Huang, “Computing quantum discord is np-complete,” New Journal of Physics 16 no. 3,
(2014) 033027, 1305.5941.

K. Audenaert, M. B. Plenio, and J. Eisert, “Entanglement cost under
positive-partial-transpose-preserving operations,” |[Phys. Rev. Lett. 90 (Jan, 2003) 027901,
quant-ph/0207146.

S. Phoenix and P. Knight, “Fluctuations and entropy in models of quantum optical resonance,”
Annals of Physics 186 no. 2, (09, 1988) 381-407.

J. Gea-Banacloche, “Collapse and revival of the state vector in the Jaynes-Cummings model: An
example of state preparation by a quantum apparatus,” |Phys. Rev. Lett. 65 (Dec, 1990)
3385-3388.

H. Casini and M. Huerta, “Entanglement entropy in free quantum field theory,” Journal of
Physics A: Mathematical and Theoretical 42 no. 50, (2009) 504007, |0905 . 2562,

L. Amico, R. Fazio, A. Osterloh, and V. Vedral, “Entanglement in many-body systems,” Rev.
Mod. Phys. 80 (May, 2008) 517-576, |quant-ph/0703044.

N. Laflorencie, “Quantum entanglement in condensed matter systems,” | Physics Reports 646
(2016) 1-59,[1512.03388v3.

J. Eisert and T. J. Osborne, “General entanglement scaling laws from time evolution,” |Phys.
Rev. Lett. 97 (Oct, 2006) 150404, |quant-ph/0603114.

S. Bravyi, M. B. Hastings, and F. Verstraete, “Lieb-robinson bounds and the generation of
correlations and topological quantum order,” |Phys. Rev. Lett. 97 (Jul, 2006) 050401,
quant-ph/0603121.

P. Calabrese and J. Cardy, “Evolution of entanglement entropy in one-dimensional systems,”
Journal of Statistical Mechanics: Theory and Experiment 2005 no. 04, (2005) P04010,
cond-mat/0503393.

H. Liu and S. J. Suh, “Entanglement tsunami: Universal scaling in holographic thermalization,”
Phys. Rev. Lett. 112 (Jan, 2014) 011601}, 1305.7244.

T. Hartman and J. Maldacena, “Time evolution of entanglement entropy from black hole
interiors,” | Journal of High Energy Physics 2013 no. 5, (May, 2013) 14, 1303.1080.

E. Bianchi, L. Hackl, and N. Yokomizo, “Linear growth of the entanglement entropy and the
Kolmogorov-Sinai rate,” |Journal of High Energy Physics 2018 no. 3, (Mar, 2018) 25,
1709.00427.

W. H. Zurek, “Decoherence, einselection, and the quantum origins of the classical,” |Rev. Mod.
Phys. 75 (May, 2003) 715-775) quant-ph/0105127.


http://dx.doi.org/10.1103/PhysRevLett.95.090503
http://dx.doi.org/10.1103/PhysRevLett.95.090503
http://arxiv.org/abs/quant-ph/0505071
http://arxiv.org/abs/1305.5941
http://dx.doi.org/10.1103/PhysRevLett.90.027901
http://arxiv.org/abs/quant-ph/0207146
http://dx.doi.org/10.1016/0003-4916(88)90006-1
http://dx.doi.org/10.1103/PhysRevLett.65.3385
http://dx.doi.org/10.1103/PhysRevLett.65.3385
http://arxiv.org/abs/0905.2562
http://dx.doi.org/10.1103/RevModPhys.80.517
http://dx.doi.org/10.1103/RevModPhys.80.517
http://arxiv.org/abs/quant-ph/0703044
http://dx.doi.org/10.1016/j.physrep.2016.06.008
http://dx.doi.org/10.1016/j.physrep.2016.06.008
http://arxiv.org/abs/1512.03388v3
http://dx.doi.org/10.1103/PhysRevLett.97.150404
http://dx.doi.org/10.1103/PhysRevLett.97.150404
http://arxiv.org/abs/quant-ph/0603114
http://dx.doi.org/10.1103/PhysRevLett.97.050401
http://arxiv.org/abs/quant-ph/0603121
http://arxiv.org/abs/cond-mat/0503393
http://dx.doi.org/10.1103/PhysRevLett.112.011601
http://arxiv.org/abs/1305.7244
http://dx.doi.org/10.1007/JHEP05(2013)014
http://arxiv.org/abs/1303.1080
http://dx.doi.org/10.1007/JHEP03(2018)025
http://arxiv.org/abs/1709.00427
http://dx.doi.org/10.1103/RevModPhys.75.715
http://dx.doi.org/10.1103/RevModPhys.75.715
http://arxiv.org/abs/quant-ph/0105127

BIBLIOGRAPHY 129

212]

[213]

214]

[215]

[216]

[217]

[218]

219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

P. Zanardi, “Virtual quantum subsystems,” |Phys. Rev. Lett. 87 (Jul, 2001) 077901,
quant-ph/0103030.

I.-S. Yang, “Entanglement timescale,” Phys. Rev. D 97 (Mar, 2018) 066008, 1707 .05792.

J. I. Kim, M. C. Nemes, A. F. R. de Toledo Piza, and H. E. Borges, “Perturbative expansion for
coherence loss,” Phys. Rev. Lett. 77 (Jul, 1996) 207-210.

H. Li and F. D. M. Haldane, “Entanglement spectrum as a generalization of entanglement
entropy: Identification of topological order in non-Abelian fractional quantum Hall effect states,”
Phys. Rev. Lett. 101 (Jul, 2008) 010504, |0805.0332.

B. W. Shore and P. L. Knight, “The Jaynes-Cummings model,” |Journal of Modern Optics 40
no. 7, (1993) 1195-1238.

A. J. Daley, H. Pichler, J. Schachenmayer, and P. Zoller, “Measuring entanglement growth in
quench dynamics of bosons in an optical lattice,” |[Phys. Rev. Lett. 109 (Jul, 2012) 020505,
1205.1521.

J. Schachenmayer, B. P. Lanyon, C. F. Roos, and A. J. Daley, “Entanglement growth in quench
dynamics with variable range interactions,” |Phys. Rev. X 3 (Sep, 2013) 031015, 1305 .6880.

R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M. Rispoli, and M. Greiner, “Measuring
entanglement entropy in a quantum many-body system,” Nature 528 (Dec., 2015) 77,
1509.01160v1.

A. M. Kaufman, M. E. Tai, A. Lukin, M. Rispoli, R. Schittko, P. M. Preiss, and M. Greiner,
“Quantum thermalization through entanglement in an isolated many-body system,” |Science 353
no. 6301, (2016) 794-800, 1603 .04409.

A. Elben, B. Vermersch, M. Dalmonte, J. I. Cirac, and P. Zoller, “Rényi entropies from random
quenches in atomic Hubbard and spin models,” |Phys. Rev. Lett. 120 (Feb, 2018) 050406,
1709.05060v2.

E. T. Jaynes and F. W. Cummings, “Comparison of quantum and semiclassical radiation theories
with application to the beam maser,” |Proceedings of the IEFE 51 no. 1, (Jan, 1963) 89—-109.

N. Quesada and A. Sanpera, “Bound entanglement in the Jaynes-Cummings model,” Journal of
Physics B: Atomic, Molecular and Optical Physics 46 no. 22, (2013) 224002, 1305.2604.

J. H. Eberly, N. B. Narozhny, and J. J. Sanchez-Mondragon, “Periodic spontaneous collapse and
revival in a simple quantum model,” |Phys. Rev. Lett. 44 (May, 1980) 1323-1326.

H. Pimenta and D. F. V. James, “Characteristic-function approach to the
Jaynes-Cummings-model revivals,” Phys. Rev. A 94 (Nov, 2016) 053803, 1608.06653.

C. Gerry and P. Knight, Introductory Quantum Optics. Cambridge University Pr., 2004.

D. Baker, D. Kodwani, U.-L. Pen, and I.-S. Yang, “A self-consistency check for unitary
propagation of Hawking quanta,” International Journal of Modern Physics A 32 no. 33, (2017)
1750198, 11701.04811v1.


http://dx.doi.org/10.1103/PhysRevLett.87.077901
http://arxiv.org/abs/quant-ph/0103030
http://dx.doi.org/10.1103/PhysRevD.97.066008
http://arxiv.org/abs/1707.05792
http://dx.doi.org/10.1103/PhysRevLett.77.207
http://dx.doi.org/10.1103/PhysRevLett.101.010504
http://arxiv.org/abs/0805.0332
http://dx.doi.org/10.1080/09500349314551321
http://dx.doi.org/10.1080/09500349314551321
http://dx.doi.org/10.1103/PhysRevLett.109.020505
http://arxiv.org/abs/1205.1521
http://dx.doi.org/10.1103/PhysRevX.3.031015
http://arxiv.org/abs/1305.6880
http://arxiv.org/abs/1509.01160v1
http://dx.doi.org/10.1126/science.aaf6725
http://dx.doi.org/10.1126/science.aaf6725
http://arxiv.org/abs/1603.04409
http://dx.doi.org/10.1103/PhysRevLett.120.050406
http://arxiv.org/abs/1709.05060v2
http://dx.doi.org/10.1109/PROC.1963.1664
http://arxiv.org/abs/1305.2604
http://dx.doi.org/10.1103/PhysRevLett.44.1323
http://dx.doi.org/10.1103/PhysRevA.94.053803
http://arxiv.org/abs/1608.06653
http://dx.doi.org/10.1142/S0217751X17501986
http://dx.doi.org/10.1142/S0217751X17501986
http://arxiv.org/abs/1701.04811v1

BIBLIOGRAPHY 130

[228]

[229]

230]

[231]

[232]

233

[234]

[235]

[236]

237]

[238)]

239

[240]

[241]

242

I.-S. Yang, “Secret loss of unitarity due to the classical background,” |Phys. Rev. D 96 (Jul, 2017)
025005, 11703.03466v2.

N. Lashkari, “Relative entropies in conformal field theory,” |Phys. Rev. Lett. 113 (Jul, 2014)
051602, 1404 .3216.

P. Ruggiero and P. Calabrese, “Relative entanglement entropies in 1 + 1-dimensional conformal
field theories,” | Journal of High Energy Physics 2017 no. 2, (Feb, 2017) 39, 1612.00659.

S. Hollands and K. Sanders, Entanglement Measures and Their Properties in Quantum Field
Theory, vol. 34 of SpringerBriefs in Mathematical Physics. Springer International Publishing,
2018. [1702.04924.

W. Donnelly, “Entanglement entropy and nonabelian gauge symmetry,” |Classical and Quantum
Gravity 31 no. 21, (2014) 214003, |1406.7304.

S. G. Avery and M. F. Paulos, “Universal bounds on the time evolution of entanglement
entropy,” |Phys. Rev. Lett. 113 (Dec, 2014) 231604, |1407.0705.

H. Liu and S. J. Suh, “Entanglement growth during thermalization in holographic systems,”
Phys. Rev. D 89 (Mar, 2014) 066012, 1311 .1200.

A. Belin, A. Maloney, and S. Matsuura, “Holographic phases of Rényi entropies,” |Journal of
High Energy Physics 2013 no. 12, (Dec, 2013) 50, 1306 . 2640.

J. C. Cresswell and D. N. Vollick, “Lorenz gauge quantization in conformally flat spacetimes,”
Phys. Rev. D 91 (Apr, 2015) 084008, 11504.05914.

P. Caputa, M. Nozaki, and T. Takayanagi, “Entanglement of local operators in large-N conformal
field theories,” |Progress of Theoretical and Ezperimental Physics 2014 no. 9, (2014) 093B06,
1405.5946.

R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, “Quantum entanglement,” |Rev.
Mod. Phys. 81 (Jun, 2009) 865942, quant-ph/0702225.

C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres, and W. K. Wootters, “Teleporting
an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels,” |Phys. Rev.
Lett. 70 (Mar, 1993) 1895-1899.

D. Bouwmeester, J.-W. Pan, K. Mattle, M. Eibl, H. Weinfurter, and A. Zeilinger, “Experimental
quantum teleportation,” Nature 390 (Dec., 1997) 575.

M. D. Barrett, J. Chiaverini, T. Schaetz, J. Britton, W. M. Itano, J. D. Jost, E. Knill, C. Langer,
D. Leibfried, R. Ozeri, and D. J. Wineland, “Deterministic quantum teleportation of atomic
qubits,” Nature 429 (June, 2004) 737.

M. Riebe, H. Haffner, C. F. Roos, W. Hénsel, J. Benhelm, G. P. T. Lancaster, T. W. K orber,
C. Becher, F. Schmidt-Kaler, D. F. V. James, and R. Blatt, “Deterministic quantum
teleportation with atoms,” Nature 429 (June, 2004) 734.


http://dx.doi.org/10.1103/PhysRevD.96.025005
http://dx.doi.org/10.1103/PhysRevD.96.025005
http://arxiv.org/abs/1703.03466v2
http://dx.doi.org/10.1103/PhysRevLett.113.051602
http://dx.doi.org/10.1103/PhysRevLett.113.051602
http://arxiv.org/abs/1404.3216
http://dx.doi.org/10.1007/JHEP02(2017)039
http://arxiv.org/abs/1612.00659
http://arxiv.org/abs/1702.04924
http://dx.doi.org/10.1088/0264-9381/31/21/214003
http://dx.doi.org/10.1088/0264-9381/31/21/214003
http://arxiv.org/abs/1406.7304
http://dx.doi.org/10.1103/PhysRevLett.113.231604
http://arxiv.org/abs/1407.0705
http://dx.doi.org/10.1103/PhysRevD.89.066012
http://arxiv.org/abs/1311.1200
http://dx.doi.org/10.1007/JHEP12(2013)050
http://dx.doi.org/10.1007/JHEP12(2013)050
http://arxiv.org/abs/1306.2640
http://dx.doi.org/10.1103/PhysRevD.91.084008
http://arxiv.org/abs/1504.05914
http://dx.doi.org/10.1093/ptep/ptu122
http://arxiv.org/abs/1405.5946
http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1103/RevModPhys.81.865
http://arxiv.org/abs/quant-ph/0702225
http://dx.doi.org/10.1103/PhysRevLett.70.1895
http://dx.doi.org/10.1103/PhysRevLett.70.1895

BIBLIOGRAPHY 131

[243]

[244]

[245]

[246]

[247)

248

[249]

[250]

[251]

[252]

253

[254]

[255]

[256]

257]

258

M. W. Mitchell, J. S. Lundeen, and A. M. Steinberg, “Super-resolving phase measurements with
a multiphoton entangled state,” Nature 429 (May, 2004) 161, |quant-ph/0312186.

L. Pezzé and A. Smerzi, “Entanglement, nonlinear dynamics, and the Heisenberg limit,” |Phys.
Rev. Lett. 102 (Mar, 2009) 100401, 0711 .4840.

V. Giovannetti, S. Lloyd, and L. Maccone, “Advances in quantum metrology,” Nature Photonics
5 (Mar., 2011) 222, 1102.2318.

C. Gross, T. Zibold, E. Nicklas, J. Esteve, and M. K. Oberthaler, “Nonlinear atom interferometer
surpasses classical precision limit,” Nature 464 (Mar., 2010) 1165, 1009.2374.

A. K. Ekert, “Quantum cryptography based on Bell’s theorem,” |Phys. Rev. Lett. 67 (Aug, 1991)
661-663.

N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, “Quantum cryptography,” Rev. Mod. Phys. 74
(Mar, 2002) 145-195| |quant-ph/0101098!

M. Curty, M. Lewenstein, and N. Liitkenhaus, “Entanglement as a precondition for secure
quantum key distribution,” |Phys. Rev. Lett. 92 (May, 2004) 217903, |quant-ph/0307151.

Z. Tang, Z. Liao, F. Xu, B. Qi, L. Qian, and H.-K. Lo, “Experimental demonstration of
polarization encoding measurement-device-independent quantum key distribution,” |Phys. Rev.
Lett. 112 (May, 2014) 190503, |[1306.6134.

K. Audenaert, J. Eisert, M. B. Plenio, and R. F. Werner, “Entanglement properties of the
harmonic chain,” |[Phys. Rev. A 66 (Oct, 2002) 042327, |quant-ph/0205025.

J. Anders, “Thermal state entanglement in harmonic lattices,” |Phys. Rev. A 77 (Jun, 2008)
062102, (0803.1102.

V. Eisler and Z. Zimboras, “Entanglement negativity in the harmonic chain out of equilibrium,”
New Journal of Physics 16 no. 12, (2014) 123020, 1406 .5474.

J. Helmes and S. Wessel, “Entanglement entropy scaling in the bilayer Heisenberg spin system,”
Phys. Rev. B 89 (Jun, 2014) 245120, 1403.7395.

V. Eisler and Z. Zimboras, “On the partial transpose of fermionic Gaussian states,” New Journal
of Physics 17 no. 5, (2015) 053048, 1502.01369.

N. E. Sherman, T. Devakul, M. B. Hastings, and R. R. P. Singh, “Nonzero-temperature
entanglement negativity of quantum spin models: Area law, linked cluster expansions, and
sudden death,” |Phys. Rev. E 93 (Feb, 2016) 022128, |1510.08005.

J. Shim, H.-S. Sim, and S.-S. B. Lee, “Numerical renormalization group method for entanglement
negativity at finite temperature,” |Phys. Rev. B 97 (Apr, 2018) 155123, |1808.08506.

P. Calabrese, J. Cardy, and E. Tonni, “Entanglement negativity in quantum field theory,” |Phys.
Rev. Lett. 109 (Sep, 2012) 130502, 1206.3092.


http://arxiv.org/abs/quant-ph/0312186
http://dx.doi.org/10.1103/PhysRevLett.102.100401
http://dx.doi.org/10.1103/PhysRevLett.102.100401
http://arxiv.org/abs/0711.4840
http://arxiv.org/abs/1102.2318
http://arxiv.org/abs/1009.2374
http://dx.doi.org/10.1103/PhysRevLett.67.661
http://dx.doi.org/10.1103/PhysRevLett.67.661
http://dx.doi.org/10.1103/RevModPhys.74.145
http://dx.doi.org/10.1103/RevModPhys.74.145
http://arxiv.org/abs/quant-ph/0101098
http://dx.doi.org/10.1103/PhysRevLett.92.217903
http://arxiv.org/abs/quant-ph/0307151
http://dx.doi.org/10.1103/PhysRevLett.112.190503
http://dx.doi.org/10.1103/PhysRevLett.112.190503
http://arxiv.org/abs/1306.6134
http://dx.doi.org/10.1103/PhysRevA.66.042327
http://arxiv.org/abs/quant-ph/0205025
http://dx.doi.org/10.1103/PhysRevA.77.062102
http://dx.doi.org/10.1103/PhysRevA.77.062102
http://arxiv.org/abs/0803.1102
http://arxiv.org/abs/1406.5474
http://dx.doi.org/10.1103/PhysRevB.89.245120
http://arxiv.org/abs/1403.7395
http://arxiv.org/abs/1502.01369
http://dx.doi.org/10.1103/PhysRevE.93.022128
http://arxiv.org/abs/1510.08005
http://dx.doi.org/10.1103/PhysRevB.97.155123
http://arxiv.org/abs/1808.08506
http://dx.doi.org/10.1103/PhysRevLett.109.130502
http://dx.doi.org/10.1103/PhysRevLett.109.130502
http://arxiv.org/abs/1206.3092

BIBLIOGRAPHY 132

[259]

260

[261]

[262]

263

[264]

[265]

[266]

267]

[268]

[269]

1270]

[271]

272]

[273]

A. Coser, E. Tonni, and P. Calabrese, “Entanglement negativity after a global quantum quench,”
Journal of Statistical Mechanics: Theory and Experiment 2014 no. 12, (2014) P12017,
1410.0900.

G. Watson, “Characterization of the subdifferential of some matrix norms,” Linear Algebra and
its Applications 170 (1992) 33 — 45,

A. Hjgrungnes, Complex-Valued Matriz Derivatives With Applications in Signal Processing and

Communications. Cambridge University Press, 2011.

J. R. Magnus and H. Neudecker, “Matrix differential calculus with applications to simple,
Hadamard, and Kronecker products,” |Journal of Mathematical Psychology 29 no. 4, (1985) 474 —
492l

J. R. Magnus and H. Neudecker, Matriz Differential Calculus with Applications in Statistics and
Econometrics. Wiley, 3rd ed., 2007.

T. F. Havel, “Robust procedures for converting among Lindblad, Kraus and matrix
representations of quantum dynamical semigroups,” |Journal of Mathematical Physics 44 no. 2,
(2003) 534-557, quant-ph/0201127.

K. Zyczkowski and I. Bengtsson, “On duality between quantum maps and quantum states,”
Open Systems & Information Dynamics 11 no. 1, (Mar, 2004) 3-42, quant-ph/0401119|

J. A. Miszcak, “Singular value decomposition and matrix reorderings in quantum information
theory,” |International Journal of Modern Physics C' 22 no. 09, (2011) 897-918, 1011 .1585.

A. Hjgrungnes and D. Gesbert, “Complex-valued matrix differentiation: Techniques and key
results,” |IEEE Transactions on Signal Processing 55 no. 6, (June, 2007) 2740-2746.

N. J. Higham, Functions of Matrices: Theory and Computation, vol. 104. STAM, 2008.

J. M. Fink, M. Goppl, M. Baur, R. Bianchetti, P. J. Leek, A. Blais, and A. Wallraff, “Climbing
the Jaynes-Cummings ladder and observing its nonlinearity in a cavity QED system,” Nature
454 (July, 2008) 315,/0902. 1827.

M. Horodecki, P. Horodecki, and R. Horodecki, “Mixed-state entanglement and distillation: Is
there a “bound” entanglement in nature?,” |[Phys. Rev. Lett. 80 (Jun, 1998) 5239-5242,
quant-ph/9801069.

J. Lavoie, R. Kaltenbaek, M. Piani, and K. J. Resch, “Experimental bound entanglement in a
four-photon state,” |[Phys. Rev. Lett. 105 (Sep, 2010) 130501, [1005. 1258,

F. Benatti, R. Floreanini, and M. Piani, “Environment induced entanglement in Markovian
dissipative dynamics,” Phys. Rev. Lett. 91 (Aug, 2003) 070402, |quant-ph/0307052.

C. E. Lopez, G. Romero, F. Lastra, E. Solano, and J. C. Retamal, “Sudden birth versus sudden
death of entanglement in multipartite systems,” Phys. Rev. Lett. 101 (Aug, 2008) 080503,
0802.1825.


http://arxiv.org/abs/1410.0900
http://dx.doi.org/10.1016/0024-3795(92)90407-2
http://dx.doi.org/10.1016/0024-3795(92)90407-2
http://dx.doi.org/https://doi.org/10.1016/0022-2496(85)90006-9
http://dx.doi.org/https://doi.org/10.1016/0022-2496(85)90006-9
http://dx.doi.org/10.1063/1.1518555
http://dx.doi.org/10.1063/1.1518555
http://arxiv.org/abs/quant-ph/0201127
http://dx.doi.org/10.1023/B:OPSY.0000024753.05661.c2
http://arxiv.org/abs/quant-ph/0401119
http://dx.doi.org/10.1142/S0129183111016683
http://arxiv.org/abs/1011.1585
http://dx.doi.org/10.1109/TSP.2007.893762
http://arxiv.org/abs/0902.1827
http://dx.doi.org/10.1103/PhysRevLett.80.5239
http://arxiv.org/abs/quant-ph/9801069
http://dx.doi.org/10.1103/PhysRevLett.105.130501
http://arxiv.org/abs/1005.1258
http://dx.doi.org/10.1103/PhysRevLett.91.070402
http://arxiv.org/abs/quant-ph/0307052
http://dx.doi.org/10.1103/PhysRevLett.101.080503
http://arxiv.org/abs/0802.1825

BIBLIOGRAPHY 133

[274]

[275]

[276]

[277]

[278]

279

[280]

[281]

[282]

[283]

[284]

[285]

[286]

[287]

288

L.-D. Wang, L.-T. Wang, M. Yang, J.-Z. Xu, Z. D. Wang, and Y.-K. Bai, “Entanglement and
measurement-induced nonlocality of mixed maximally entangled states in multipartite
dynamics,” |Phys. Rev. A 93 (Jun, 2016) 062309, |1506.06878.

M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S. P. Walborn, P. H. S. Ribeiro, and
L. Davidovich, “Environment-induced sudden death of entanglement,” |Science 316 no. 5824,
(2007) 579-582.

A. Al-Qasimi and D. F. V. James, “Sudden death of entanglement at finite temperature,” |Phys.
Rev. A 77 (Jan, 2008) 012117, 0707.2611.

H.-P. Breuer, E.-M. Laine, and J. Piilo, “Measure for the degree of non-Markovian behavior of
quantum processes in open systems,” Phys. Rev. Lett. 103 (Nov, 2009) 210401, 0908.0238.

A. Rivas, S. F. Huelga, and M. B. Plenio, “Entanglement and non-Markovianity of quantum
evolutions,” |Phys. Rev. Lett. 105 (Jul, 2010) 050403, 0911.4270.

B. Aaronson, R. L. Franco, G. Compagno, and G. Adesso, “Hierarchy and dynamics of trace
distance correlations,” New Journal of Physics 15 no. 9, (2013) 093022, 1307 .3953.

S. Deffner and E. Lutz, “Quantum speed limit for non-Markovian dynamics,” |[Phys. Rev. Lett.
111 (Jul, 2013) 010402, |1302.5069.

S. Deffner and S. Campbell, “Quantum speed limits: from Heisenberg’s uncertainty principle to
optimal quantum control,” Journal of Physics A: Mathematical and Theoretical 50 no. 45, (2017)
453001, 1705.08023

S. Deffner, “Geometric quantum speed limits: a case for Wigner phase space,” New Journal of
Physics 19 no. 10, (Oct, 2017) 103018, 1704 .03357.

D. S. Tracy and K. G. Jinadasa, “Patterned matrix derivatives,” The Canadian Journal of
Statistics / La Revue Canadienne de Statistique 16 no. 4, (1988) 411-418.

A. Hjgrungnes and D. P. Palomar, “Patterned complex-valued matrix derivatives,”|in 2008 5th
IEEE Sensor Array and Multichannel Signal Processing Workshop, pp. 293-297. July, 2008.

A. Hjorungnes and D. P. Palomar, |“Finding patterned complex-valued matrix derivatives by
using manifolds,”| in 2008 First International Symposium on Applied Sciences on Biomedical and

Communication Technologies, pp. 1-5. Oct, 2008.

N. Johnston and E. Patterson, “The inverse eigenvalue problem for entanglement witnesses,”
Linear Algebra and its Applications 550 (2018) 1 — 27, /1708.05901.

T.-C. Lu and T. Grover, “Singularity in entanglement negativity across finite-temperature phase
transitions,” |Phys. Rev. B 99 (Feb, 2019) 075157, 1808.04381.

K. G. Fedorov, S. Pogorzalek, U. Las Heras, M. Sanz, P. Yard, P. Eder, M. Fischer, J. Goetz,
E. Xie, K. Inomata, Y. Nakamura, R. Di Candia, E. Solano, A. Marx, F. Deppe, and R. Gross,
“Finite-time quantum entanglement in propagating squeezed microwaves,” Scientific Reports 8
no. 1, (Apr., 2018) 6416, 1703.05138.


http://dx.doi.org/10.1103/PhysRevA.93.062309
http://arxiv.org/abs/1506.06878
http://dx.doi.org/10.1126/science.1139892
http://dx.doi.org/10.1126/science.1139892
http://dx.doi.org/10.1103/PhysRevA.77.012117
http://dx.doi.org/10.1103/PhysRevA.77.012117
http://arxiv.org/abs/0707.2611
http://dx.doi.org/10.1103/PhysRevLett.103.210401
http://arxiv.org/abs/0908.0238
http://dx.doi.org/10.1103/PhysRevLett.105.050403
http://arxiv.org/abs/0911.4270
http://arxiv.org/abs/1307.3953
http://dx.doi.org/10.1103/PhysRevLett.111.010402
http://dx.doi.org/10.1103/PhysRevLett.111.010402
http://arxiv.org/abs/1302.5069
http://arxiv.org/abs/1705.08023
http://dx.doi.org/10.1088/1367-2630/aa83dc
http://dx.doi.org/10.1088/1367-2630/aa83dc
http://arxiv.org/abs/1704.03357
http://dx.doi.org/10.1109/SAM.2008.4606875
http://dx.doi.org/10.1109/ISABEL.2008.4712619
http://dx.doi.org/10.1109/ISABEL.2008.4712619
http://dx.doi.org/10.1016/j.laa.2018.03.043
http://arxiv.org/abs/1708.05901
http://dx.doi.org/10.1103/PhysRevB.99.075157
http://arxiv.org/abs/1808.04381
http://arxiv.org/abs/1703.05138

BIBLIOGRAPHY 134

[289)]

290]

[291]

202]

23]

294]

[295]

296]

297]

298]

[299]

[300]

301]

302]

303]

D. Layden, M. F. G. Wood, and I. A. Vitkin, “Optimum selection of input polarization states in
determining the sample Mueller matrix: a dual photoelastic polarimeter approach,” Opt. Fxpress
20 no. 18, (Aug, 2012) 2046620481\

B. N. Simon, S. Simon, F. Gori, M. Santarsiero, R. Borghi, N. Mukunda, and R. Simon,
“Nonquantum entanglement resolves a basic issue in polarization optics,” |[Phys. Rev. Lett. 104
(Jan, 2010) 023901, 0906.2467.

V. Balasubramanian, B. Craps, T. De Jonckheere, and G. Sarosi, “Entanglement versus
entwinement in symmetric product orbifolds,” |Journal of High Energy Physics 2019 no. 1, (Jan,
2019) 190, 1806.02871.

B. Rubin, “Radon, cosine and sine transforms on real hyperbolic space,” |Advances in
Mathematics 170 no. 2, (2002) 206 — 223.

R. Espindola, A. Giiijosa, and J. F. Pedraza, “Entanglement wedge reconstruction and
entanglement of purification,” |The Furopean Physical Journal C' 78 no. 8, (Aug, 2018) 646,
1804.05855.

V. Balasubramanian and C. Rabideau, “The dual of non-extremal area: differential entropy in
higher dimensions,” [1812.06985.

N. Pippenger, “The inequalities of quantum information theory,” |IEEFE Transactions on
Information Theory 49 no. 4, (April, 2003) 773-789.

S. Herndndez Cuenca, “Holographic entropy cone for five regions,” |Phys. Rev. D 100 (Jul, 2019)
026004, [1903.09148.

M. Rangamani and T. Takayanagi, Holographic Entanglement Entropy. Springer, 2017.
1609.01287.

M. B. Ruskai, “Inequalities for quantum entropy: A review with conditions for equality,” |Journal
of Mathematical Physics 43 no. 9, (Apr., 2002) 4358—-4375, quant-ph/0205064.

P. Hayden, R. Jozsa, D. Petz, and A. Winter, “Structure of states which satisfy strong
subadditivity of quantum entropy with equality,” |Communications in Mathematical Physics 246
no. 2, (Apr, 2004) 359-374, |quant-ph/0304007.

H. Casini and M. Huerta, “Remarks on the entanglement entropy for disconnected regions,”
Journal of High Energy Physics 2009 no. 03, (Mar, 2009) 048-048, 0812.1773.

M. Rota, “Tripartite information of highly entangled states,” |Journal of High Energy Physics
2016 no. 4, (Apr, 2016) 75, |1512.03751.

H. Casini, C. D. Fosco, and M. Huerta, “Entanglement and alpha entropies for a massive Dirac
field in two dimensions,” |Journal of Statistical Mechanics: Theory and Experiment 2005 no. 07,
(Jul, 2005) PO7007-P07007, cond-mat/0505563.

J. Pearl, Probabilistic Reasoning in Intelligent Systems: Networks of Plausible Inference. Morgan
Kaufman, revised 2nd ed., 1988.


http://dx.doi.org/10.1364/OE.20.020466
http://dx.doi.org/10.1364/OE.20.020466
http://dx.doi.org/10.1103/PhysRevLett.104.023901
http://dx.doi.org/10.1103/PhysRevLett.104.023901
http://arxiv.org/abs/0906.2467
http://dx.doi.org/10.1007/JHEP01(2019)190
http://dx.doi.org/10.1007/JHEP01(2019)190
http://arxiv.org/abs/1806.02871
http://dx.doi.org/https://doi.org/10.1006/aima.2002.2074
http://dx.doi.org/https://doi.org/10.1006/aima.2002.2074
http://dx.doi.org/10.1140/epjc/s10052-018-6140-2
http://arxiv.org/abs/1804.05855
http://arxiv.org/abs/1812.06985
http://dx.doi.org/10.1109/TIT.2003.809569
http://dx.doi.org/10.1109/TIT.2003.809569
http://dx.doi.org/10.1103/PhysRevD.100.026004
http://dx.doi.org/10.1103/PhysRevD.100.026004
http://arxiv.org/abs/1903.09148
http://arxiv.org/abs/1609.01287
http://dx.doi.org/10.1063/1.1497701
http://dx.doi.org/10.1063/1.1497701
http://arxiv.org/abs/quant-ph/0205064
http://dx.doi.org/10.1007/s00220-004-1049-z
http://dx.doi.org/10.1007/s00220-004-1049-z
http://arxiv.org/abs/quant-ph/0304007
http://dx.doi.org/10.1088/1126-6708/2009/03/048
http://arxiv.org/abs/0812.1773
http://dx.doi.org/10.1007/JHEP04(2016)075
http://dx.doi.org/10.1007/JHEP04(2016)075
http://arxiv.org/abs/1512.03751
http://dx.doi.org/10.1088/1742-5468/2005/07/p07007
http://dx.doi.org/10.1088/1742-5468/2005/07/p07007
http://arxiv.org/abs/cond-mat/0505563

BIBLIOGRAPHY 135

[304] G. Rodriguez, “Lecture notes on generalized linear models: Log-linear models for contingency
tables.” http://data.princeton.edu/wws509/notes/, 2007.

[305] D. Koller and N. Friedman, Probabilistic Graphical Models. MIT Press, 2009.



	Introduction
	Conformal field theory
	Entanglement entropy in quantum field theory
	AdS/CFT
	Outline

	Kinematic space for conical defects
	Introduction
	Kinematic space from the bulk
	Review of geometries
	Kinematic space from differential entropy
	Kinematic space from boundary anchored geodesics

	Kinematic space from the boundary
	Kinematic space metric from conformal symmetry
	OPE blocks
	CFT dual to conical defects

	Discussion
	Duality between OPE blocks and geodesic integrals of bulk fields
	Future directions


	Holographic relations for OPE blocks in excited states
	Introduction
	Preliminaries
	OPE blocks and kinematic space
	AdS3 quotients
	AdS3 maps and metrics

	Bulk analysis of geodesic structure
	Euclidean analysis
	Lorentzian analysis

	CFT analysis of OPE blocks
	Euclidean analysis
	Lorentzian analysis

	Discussion

	Interlude
	Entanglement in quantum information theory

	Universal timescale for Rényi entropies
	Introduction
	The entanglement timescale for Rényi entropies
	Example - Jaynes-Cummings model
	Universal growth at third order
	Discussion

	Perturbative expansion of negativity using patterned matrix calculus
	Introduction
	Perturbative expansion of negativity 
	Vectorization formalism and the partial transposition map
	First derivative of the trace norm 
	Second derivative of the trace norm 
	Summary of method 

	Negativity growth in various systems 
	Jaynes-Cummings model
	Open system dynamics: entangled cavity photons

	Quantum speed limits and bounds on negativity growth
	When is patterned matrix calculus required?
	Formal calculus of complex patterned matrices 
	Analytic functions of matrices

	Discussion 
	Vectorized representation of the partial transposition map
	Simplifying the Hessian of the trace norm
	Details of open system dynamics

	Conclusion
	Bibliography

