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Lorenz gauge quantization in conformally flat spacetimes
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Recently it was shown that Dirac’s method of quantizing constrained dynamical systems can be used to
impose the Lorenz gauge condition in a four-dimensional cosmological spacetime. In this paper we use
Dirac’s method to impose the Lorenz gauge condition in a general four-dimensional conformally flat
spacetime and find that there is no particle production. We show that in cosmological spacetimes with
dimension D # 4 there will be particle production when the scale factor changes, and we calculate the

particle production due to a sudden change.
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I. INTRODUCTION

Recently it was shown [1] that Dirac’s method of
quantizing constrained dynamical systems [2,3] can be
used to impose the Lorenz gauge condition in a four-
dimensional cosmological spacetime. This method was
used to show that there is no particle production agreeing
with earlier results by Parker [4,5].

In this paper a gauge fixed Lagrangian is introduced for
the electromagnetic field in a conformally flat spacetime of
arbitrary dimension. The Lorenz gauge condition is
imposed as a gauge constraint and requires a secondary
constraint for consistency. There are no further constraints,
and both constraints are first class.

In four spacetime dimensions, the Hamiltonian simpli-
fies greatly. Due to the constraints imposed on the wave
function, the Hamiltonian can be quantized using the flat
spacetime procedure. As a result there is no particle
production in four-dimensional conformally flat space-
times. The Lagrangian introduced in this paper produces
a simpler Hamiltonian and simpler constraints than the one
used in Ref. [1] for the four-dimensional case.

We also use the gauge fixed Lagrangian to show that
there will generally be particle production in D dimensional
cosmological spacetimes due to the changing scale factor.
We then calculate the particle production that occurs for a
sudden change in scale factor. The Hamiltonian is not
bounded under such a transition so the wave function of the
system does not remain unchanged. We show that the state
vector picks up a phase factor, and we calculate the
resulting particle production.

II. HAMILTONIAN AND CONSTRAINTS
IN D DIMENSIONS

Consider a D dimensional conformally flat spacetime
with a metric
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ds* = a*(x*)[—df* + dx} + -+ + dx3,_]. (1)
The gauge fixed Lagrangian
1 = 1 S 2
L= _Z\/gFﬂDF _5\/§(VMA ) ’ (2)

where F* = ¢“¢"PF 5 and A" = ¢™A,, can, after inte-
gration by parts, be written as

L=~ VAl(9,A) (VR - R A, ()

For the above metric, this becomes, after additional
integration by parts,

1
L = =5 b(3,A,)(9A%) = 2b(y,A")(2,A")
1
_ Eb[“’(D - 3)1//”1/11, — (D - 4)8”1//”]14}!141/’ (4)
whete A = A, % — 10, b — aP~* and

1
W, = Eaﬂa. (5)

The Lorenz gauge condition
VEA, =0 (6)
can be written as
0,A" + (D = 2)y,A" = 0. (7)
The canonical momenta are
[I* = bA* + 2b8! (y,A%), (8)

and the Lorenz gauge condition, written in terms of the
canonical momenta, is
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1
X1 = EH[ + akAk + (D - 4)1//”14” = O (9)
The Hamiltonian density is given by

1 1
h= ST, 2 b(0GA,) (9*AY)

1
— S b(D = 4) (O AAY + 2b(yr A, (10)

For consistency it is necessary that

5)(1N

)(1:{)(1,H}+§~0, (11)

where {} denotes the Poisson bracket, H = [ hdP~Vx,
and =~ denotes a weak equality. This condition gives a
secondary constraint,

X2 = 0Ok <8kA’ + %Hk> + (D =4y (8’%1 + én") ~ 0.
(12)

It is interesting to note that y, = 3 0;(bF*®). The condition
%> =~ 0 does not produce a new constraint, so the procedure
terminates here. The constraints y; and y, are first class

since {x(x),x2(y)} = 0.

ITII. QUANTIZATION IN FOUR DIMENSIONS

In four spacetime dimensions, the Hamiltonian is
given by

1 1
H= / [EHuHﬂ + 5 (06A,) (O°A") + 2(waA" )1 | B,

(13)
while the constraints are given by
x1 =TI+ 9, A% (14)
and
22 = (AT + TIF). (15)

These are identical to the expressions in flat spacetime,
except for the last term in the Hamiltonian involving y.

To quantize the theory, we follow the procedure devel-
oped by Dirac [2,3]. In the Schrodinger picture, the
dynamical variables A, and IT* become time independent
operators satisfying

[4,, (%), A, (9)] = [T*(x), ()] = O (16)
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and
[A,(X), T (3)] = i8,8° (X, 7). (17)

where [] denotes the commutator and we have set 7 = 1.
Note that there is an ambiguity in the ordering of the
operators in the last term in the Hamiltonian since y;
contains IT" and w®A, contains A,. We have chosen the
ordering so that the Hamiltonian is given by (13).

A state vector is introduced that satisfies the Schrodinger
equation

d
i 19) = H|P). (18)

The constraints are imposed on the wave function as
follows:

x1|¥) =0 and p,|¥) =0. (19)

The last term in the Hamiltonian will therefore not affect
the equations of motion, and the theory can be quantized by
following the flat spacetime procedure.

This generalizes the results of Ref. [1] from a four-
dimensional cosmological spacetime to a general four-
dimensional conformally flat spacetime. Thus, there is no
particle production in four-dimensional conformally flat
spacetimes, as expected based on Parker’s calculation
for a massless conformally coupled scalar field [6]. The
Lagrangian used in this paper differs from the one used in
Ref. [1] by a total derivative and gives a simpler H, y;
and y,.

IV. QUANTIZATION IN D-DIMENSIONAL
COSMOLOGICAL SPACETIMES

To examine particle production in spacetimes with
D # 4, we consider the case in which a depends only
on t. In this case y;, = 0, and we write y, = .

The Hamiltonian is

1 1

=3 / [E [FIL, + b(,A,)(0°A%)

—4byAyy — b(D — 4)yA7|dPVx, (20
while the constraints are
1 t k
X1 :ZH + O A" = (D — 4)yA, (21)

and
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X2 = 8k <8kAt + %Hk> . (22)

For a consistent quantum theory, we require that
l¥1.x2] = ayi + Py, where a and f are operators that
appear to the left of the constraints. This is satisfied
since [y1,x,] = 0.

To preserve the constraints under time evolution, it is
necessary that

%—i[){k,H] ~ 0, (23)
where, in the quantum theory, A ~ 0 implies that A|¥) = 0.
It is easy to show that the constraints are preserved, as they
are in the classical case.

The constraint y, can be simplified. The term 0,,IT"
involves only the longitudinal part of II™, and this
longitudinal part can be written as the gradient of a scalar
U. Thus, 9,,I1" = V2U. The constraint y, can therefore be
written as

1= V2 (A’ + % U) . (24)

Now, V?(A’+1U)~0 over all space has the unique
solution A’ +}U =0 if the fields vanish at infinity.
Since we are quantizing the electromagnetic field on a
fixed background spacetime, we are free to make this
assumption.

The Hamiltonian can be decomposed into transverse and
longitudinal/timelike parts:

1 1
Hy =7 / {E 10 + b(@SAE,,”><aSAE"T>>] dP"y,

(25)

1 1
HY :S/P,(EU—A’)(W(EU%—A‘)

1
+ <3mAm - El'It - Dy/At))(]] dPVx,  (26)

and
g _1
P =3 (D=4
X /{ZI/IA,(akAk) — (D = 4)y? + A2 d PV,

27)

Note that H(Ll) ~ 0, so that H ~ Hy —l—H(LZ).
To set up a Fock space representation in the Minkowski
in and out regions, where a is constant, the operators
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a%’” = /e"%'} [k\/geng” (X) + ﬁeéj}ﬂ" (fc)} dPDx
(28)

and

w0 _ [ i W) an(zy L Dy | g0-1)
az —/e [k\/zezﬂA”(x) \/ES@H’ (x)]d X
(29)

2

can be introduced. Here k = |%\ and ¢ are the standard
"

(real) Minkowski polarization vectors. The factors of b in
the above expressions can be deduced by computing these
operators using the standard approach in the Heisenberg
picture and then transforming them into the Schrodinger
picture. These are also the unique factors of b that give the
standard commutation relations

[ (4 (/1)] =

az ’ a‘/

")t
: a” a0, (30)

k
@ al) = @m) P02k 6PN (k- K) - (31)

and normal ordered Hamiltonian

1 1 ZD_Z TG
. . (D-1)

Note that the polarizations corresponding to A=1...(D—-2)
are transverse polarizations.
A vacuum state |0) can be introduced that satisfies

1
{— Il + amAm} 10) =0,

b
Ll) 9,11 + V2A’} |0) =0, (33)
and
alloy=0,  A=1..(D-2). (34)

The operators ag)

)

act as annihilation operators, and the

operators a% act as creation operators. Note that |0;,) will

not be the same as |0,) if boy # bj,. There will therefore
be particle production unless the in-vacuum state happens
to evolve into the out-vacuum state.

As an explicit example of particle production, consider
the case of a “sudden” change from a Minkowski space
with b;, to one with b,,. The sudden approximation
cannot be used because the Hamiltonian contains terms
involving y and y which do not remain bounded as the
time interval over which the change takes place goes to
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zero. The behavior of the state vector can be determined by
introducing the ket |¥7),

L2 :exp{ib/ {A,(akAk) —%(D—4)1//A%} d<D—1>x} |0,

(35)
which satisfies the equation of motion
iL1wy) = Hylwy) (36)
dt
and the constraints
W) =0 and 9, I1%¥;) = 0. (37)

Since Hy (25) remains bounded during the transition, the
sudden approximation can be used on the evolution of
|W). This means that |¥;) does not change and that |¥)
picks up a phase factor during the transition. Thus, if the
initial state is the in-vacuum, then the state in the out region,
just after the transition, will be the in-vacuum with a phase
factor. Since the phase factor commutes with the transverse
a@
(in)
state.
The Bogolubov transformation between the in and out
operators is given by

@ _ |:bin + bout:| a(l) . + |:bout - bin:| a'({

“out T | 2/brybon Dnbout

o the state of the system will still be in the in-vacuum

"(4)
in)—}’ (38)

where we have taken ewz = j:e;{’l). The expectation value

' (=k)u "
a'u) a(’l) - in the in-vacuum state is

of N -
(out)k  (out)k

4)
(out)k
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(bout - bin)z

4'binbout (39)

INY 10,y =
<0m|N(out)Z|0m>

There will therefore be particles produced by the sudden
change in the scale factor when D # 4.

V. CONCLUSION

In this paper we used Dirac’s method of quantizing
constrained dynamical systems to generalize the results of
Ref. [1]. We found that in four-dimensional conformally
flat spacetimes the Hamiltonian and constraints have the
same form as in flat space but for an extra term in the
Hamiltonian. Due to the constraints on the system, the extra
term has no effect on the equations of motion, so there is no
particle production in agreement with Ref. [6].

We also considered cosmological spacetimes with D # 4
and found that there is particle production unless the in-
vacuum state happens to evolve into the out-vacuum state.
For a spacetime that undergoes a sudden change in scale
factor, the wave function of the system picks up a phase
factor because the Hamiltonian does not remain bounded.
Under the sudden change, we found that if the initial state is
the in-vacuum the final state will be the in-vacuum with a
phase factor. A Bogolubov transformation between the in
and out creation and annihilation operators showed that the
expectation value of the out-number operator in the in-
vacuum state is (boy — bin)?/4binboy Where b = aP~* and
a(t) is the scale factor of the spacetime.
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